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ABSTRACT 

 

This thesis presents a new method to compute a global visibility map (GVM) in order 

to determine feasible axes of rotation for 4-axis CNC machining. The choice of the 4th-axis 

is very important because it directly determines the critical manufacturing components; 

visibility, accessibility and machinability of the part. As opposed to the considerable work in 

GVM computation, this thesis proposes an innovative approximation approach to compute 

GVM by utilizing slice geometry.  One advantage of the method is that it is feature-free, thus 

avoiding feature extraction and identification. In addition, the method is computationally 

efficient, and can be easily parallelized in order to vastly increase speed.  In this thesis, we 

further present a full implementation of the approach as a critical function in an automated 

process planning system for rapid prototyping. 
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CHAPTER 1 

INTRODUCTION 

 

Workpiece setup planning is one important part of process planning in CNC 

machining as it is directly related to a partôs manufacturability and resulting quality of the 

machined surface [1]. In a 4-axis CNC mill machine, optimization in setup planning includes 

optimizing the axis of rotation, a set of rotation angles, support positions, etc. in order to 

properly machine the part. Among all these setups, axis of rotation is the first to be 

determined and has a significant impact on the rest.  Although general methods for visibility 

mapping and some setup planning exists, there is little work in the specific problem of axis of 

rotation selection and time efficiency is a major challenge for the previous approaches [1, 2]. 

 

1.1 CNC Milling Machines 

Milling is a machining process using rotary cutters to remove material from a 

workpiece, advancing (or feeding) in a direction with the axis of the tool[3-5] (Figure 1a). 

The capability of machining parts to precise sizes and shapes and creating a large variety of 

features has made milling one of the most commonly used processes in industry. Computer 

Numerical Control (CNC), with its advent in the 1950s, has evolved milling machine to 

machining centers, making the milling process a much more automated and precise tool. 

 

Mill configurations  

Mill orientation is the primary classification for milling machines. The two basic 

configurations are vertical and horizontal. Based on the motion of the spindle, vertical mills 



2 

 

divide into two subcategories: turret mill and bed mill (Figure 1b and c). In this thesis, we 

focus on the bed vertical mill (Which means the spindle moves parallel to its axis (Figure 1c) 

compared to a stationary spindle (Figure 1b).  

 

                               (a)                                                   (b)                                                    (c) 

Figure 1 ς Milling process examples; (a) End milling tool[6] (b) Turret Vertical Mill[7] (c) 

Bed Vertical Mill[8] 

 

Multi -axis CNC milling machines 

A very basic vertical mill is typically in a 3-axis configuration (Figure 1b and c). For 

example, the bed vertical mill has an X-Y table and the vertical moving spindle provides Z-

axis motion. The limitation of a 3-axis mill is that the tool has limited access to the part thus 

cannot machine a part with complex geometry (e.g. undercuts) in one operation.  Multiaxis 

CNC machines are machines that support not only translation in 3 axes, but also rotation 

around one or multiple axes, deemed the 4
th
-axis and 5

th
-axis (Figure 2) , where a 5

th
 axis is 

generally considered the maximum degree of freedom for milling. 
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Figure 2 ς Axis configurations; (a) 4-axis CNC mill[9] (b) 5-axis CNC mill[10] 

 

Four-axis CNC milling machines 

The 4-axis CNC vertical milling machine has one rotary axis in addition to the 

standard three linear axes (x, y and z axis) as shown in Figure 2a.  The 4
th
 axis can be 

controlled simultaneously to move the tool in complex paths, but it can also be used to 

simply rotate the component between setups.  This latter approach is more desirable than re-

fixturing the component manually using a 3 axis CNC mill, which introduces re-fixture 

errors, requires a proper fixture posture and needs extra setup time and human intervention.  

 
Figure 3 ς Mil ling  undercut problem; (a) 3-axis mill (b) 4-axis mill [11] 

 



4 

 

For a given part, the choice of axis to orient the part is critical, in that it directly 

determines whether the part is machinable and further affects the rotation (setup) angles of 

the machining operations about that axis.  

 
Figure 4 ς The choice of axis of rotation;  (a) Cube with two square pocket (b) axis of 

rotation 1 (c) axis of rotation 2 (d) industrial bracket 
 

As shown in Figure 4, a cube with square pockets on two of its faces has two optional 

axes of rotation (Figure 4b and 4c). As the machine tool is perpendicular to the axis of 

rotation, it is easy to see that the pocket in Figure 4b is an undercut whereas the same pocket 

oriented in Figure 4c is fully machinable. The cube example is simple in that the cube and all 

pockets are aligned with the principle axes. However, when parts become more complex 

(Figure 4d) the choice is not obvious and a systematic solution to find the proper axis of 

rotation is in need.  

 

1.2 Visibility  in 4-axis CNC Milling 

In order to solve the axis selection problem, visibility is introduced. In general, if a 

surface patch on a component is visible from some orientation, it means that a line of light 

along that orientation can reach the surface patch without obstacle. The complete visibility of 
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that surface patch can then be defined as all the orientations that make the surface patch 

visible. In 3-dimensional space, we define such a visibility region as visibility cone. The 

space where the visibility cone resides is defined as visibility sphere.  In 2-dimensional 

scenarios, we define such visibility regions as visibility arcs (Figure 5).  

 
(a)                                                          (b)      

Figure 5 ς Visibility used in 2D and 3D; (a) 2D visibility arcs[12] and (b) 3D visibility cone 
[13] 

 

Using the visibility cone of each surface patch of a part, the solution of visibility in 

CNC setup planning is to find a viewpoint or a set of viewpoints from which the entire set of 

part surface are visible. These viewpoints/orientations give us the feasible postures of the 

component with respect to the machine tool.  Furthermore, they tell us what potential axes of 

rotation might be feasible for a given part.  

 

It is necessary to note that, in practice, the tool may not be able to use the exact 

orientation given by the visibility solution because the tool has a diameter, whose 

accessibility cannot be treated as ñline of sightò.  Therefore, the real accessibility of a tool is 

more restricted and will be defined as machinability instead.  The visibility cone is not 

sufficient, but necessary in that it gives a tight upper bound of a region of feasible 

orientations therefore greatly reduces undesirable orientations from consideration. 
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1.3 Research Objectives 

The overarching objective of this thesis is to develop a method that determines 

feasible axes of rotation for parts to be machined using a 4-axis CNC mill. The work is 

divided into two major sub-objectives. The first sub-objective is to compute a Global 

Visibility Map (GVM), while the second sub-objective is to compute axes of rotation from 

the GVM. The following chapter will provide a review of the relevant literature and then 

followed by the proposed new methods.   Finally, we will present an implementation and 

testing of the method and application within CAD/CAM software for a rapid machining 

system.     
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CHAPTER 2  

LITERATURE REVIEW 

 

2.1 Overview 

The main concern of setup planning is providing accessibility for the cutting tool. 

Since visibility is a necessary condition for accessibility, it is broadly used by researchers in 

setup planning.  

The visibility problem is called the visible set problem in some articles [14]. It is 

defined as: given an entity (surface patch) in the scene, find the set of view directions along 

which the given entity is completely visible.  As defined by previous work [15, 16], the 

mapping of the visible directions on the unit sphere is a spherical image called the global 

visibility map (GVM). 

There have been many articles addressing the problem of visibility, but few articles 

address the axis of rotation problem directly. Among the many visibility approaches, a 

widely known method to construct a visibility map is using Gaussian mapping [15]. Many 

researchers utilized Gaussian maps to compute setup orientations for 4- and 5- axis 

machining [16-18]. However, visibility obtained from a Gaussian map ignores the fact that 

other surfaces of the object may occlude visibility of the target facet[14]. Thus, it is a local 

visibility which cannot be used directly to determine axis of rotation for 4-axis CNC setups.  

Suh and Kang[2] discretized the visibility sphere into spherical triangles and used an 

occupation test to obtain the visibility cone. Although it obtained a global visibility, such a 

method has disadvantages in that; 1) it uses the centroid of the part surface triangle to 

approximate the triangle, resulting in an approximated visibility, and 2) The occupation test 
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leads to a  ὲ ὲ ρ ά time complexity in computation thus is very inefficient.  In this 

case, n is the number of surface patches and m is the size of the approximated visibility 

sphere.  Li and Frank[1] later introduce an approach that computes visibility by an occlusion 

calculation between a pair of polyhedral facets. This method provides global visibility and is 

accurate but still has a time complexity of ὕὲ ; n being the number of facets.  

These visibility approaches, along with several others are categorized and described 

in detail below. Among them, the common challenges are accuracy, time complexity, and 

local vs. global visibility.  

2.2 Gaussian Mapping 

Gaussian Mapping is the first approach introduced to solve the visible set problem. 

One early work used Gaussian mapping to calculate the visibility map of Bezier surfaces[19]. 

This work was further extended by [20] to include visibility calculation for free-form 

surfaces. The basic idea to obtain a visibility map in these works is to compute the dual 

image of the Gaussian map on a unit sphere. However, these works only consider the surface 

visibility locally, ignoring that the visibility cone of a designated entity might be occluded by 

other surfaces. Thus applications are limited to the visibility of certain features of the 

component [17, 21].  

 

2.3 Approximation Methods 

2.3.1 Hidden surface removal 

Hidden surface removal methods often need to discretize the component surface into 

discrete entities (like triangle meshes) and then establishes a discrete visibility space. It 

builds a visibility mapping from the discrete entity to the discrete visibility viewing sphere; 
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such mapping is finite. The discretion resolution impacts visibility accuracy. One way to 

obtain such discrete visibility is to use ray-casting techniques [22], while other related work 

utilizes a z-buffer method through graphics hardware[23-25]. The disadvantages of 

approximation methods are obvious ï approximation error. The true visibility cone might 

turn to be larger than obtained considering some viewing points are not in the sampled 

region. 

 

2.3.2 Slice geometry 

Slice based methods have been developed to compute visibility, especially for 4-axis 

CNC mills.  They address the visible set problem indirectly by taking advantage of the slice 

geometry.  In the approach of [12] they divide the component into a set of 2 dimensional 

slices along one direction (phase1); compute the 2D visibility of each slice (phase2), and then 

combine them to construct visibility for the axis. The advantage is that its experiment shows 

processing time in visibility computation (phase2) is linear to the number of facets. 

Therefore, it is a very efficient algorithm. One of the drawbacks is that the slicing process 

(phase1) has time complexity of ὕὲ Ὧ  for model with n triangles and k slicing planes.  

Another drawback of this approach is that the final visibility corresponds to a certain axis of 

rotation instead of a GVM.  

However, an asymptotically optimal slicing algorithm has been developed recently 

that has time complexity of ὕὲὯ, where Ὧ is the average number of slices cutting each 

triangle, which is asymptotically the best that can be achieved under certain common 

assumptions[26].  
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Accordingly, phase 1 in the original method can be dramatically improved using such 

asymptotically optimal slicing algorithm.  

 

2.4 Exact Solution Methods 

There are also a few approaches that aim at obtaining an exact solution for a global 

visibility map[13, 27-30]. [29] proposed an algorithm that calculated global a visibility map 

for a triangular mesh by an occlusion calculation between a pair of triangle facets.  [13] 

extends the work to the occlusion calculation between a pair of convex facets. A similar 

approach also calculates the occlusion between a pair of convex facets by a boundary tracing 

method [30]. However these approaches share a common bottleneck: due to a pairwise 

occlusion computing, the algorithmôs time efficiency is largely limited by the size of the 

mesh. In addition, the union operation among all spherical polygons before generating the 

GVM is also an expensive computing task. To improve efficiency in the latter problem, [14] 

has further extended their previous work by introducing a Minkowski sum. 

 

2.5 Mapping from GVM to Axes of Rotation 

Methods to apply GVM to 4-axis CNC machining setup planned have also been 

studied. Li and Frank have established a relation from point visibility, arc visibility and cone 

visibility to axes of rotation, thus forming a mapping from GVM to axes of rotation[1]. The 

time complexity of such mapping is ὕὲ for an n-facets model. 

 

In summary, Gaussian mapping alone is not sufficient for a GVM. Considering 

previous approaches, there is always a tradeoff between accuracy and time efficiency (either 
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approximated or exact methods). There is still space for improvement of these approaches, 

and, considering that time efficiency is a major concern in CNC setup planning, an 

approximated approach with good time efficiency may be a reasonable choice.     
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CHAPTER 3  

SOLUTION METHOD 

 

3.1 General Overview of the Method 

To introduce, the method is decomposed into two main phases based on their 

precedence; computing global visibility and then computing axes of rotation.   These two 

main phases are further decomposed into several sequential subroutines based on their 

functionality.  

 
Figure 6 ς Phase 1 global visibility computation flow; 1) model Slicing, 2) segment visibility 

computation, 3) conversion to facet visibility and obtainment of a 2D visibility 
map in one orientation,  4a) union of 2D visibility maps of all orientations, 4b) 
obtainment of GVM, the union of densely spaced 2D visibility maps (angle 
between two maps = 1Ј). 

 

Phase I Global visibility computation 
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1. Slicing the model.                        

2. 2D visibility computation.  

3. Intersection of segments visibility for facet visibility.     

4. Union of 2D visibility maps of all orientations into a global visibility map.  

Phase II Axis of rotation computation 

1. Computing corresponding axis region of each facet. 

2. Obtain final axes by intersecting the axis regions of all facets.  

 

An example part is used in Figure 6 and Figure 7 to show the flow of the two main 

phases respectively, while Figure 8 illustrates the complete process in the form of a flow 

chart.  

 
Figure 7 ς Phase 2  axis of rotation computation flow; 1) an existing GVM of a facet, 2) the 

correspondence rule of point visibility to axes of rotation, 3) obtainment of axes 
of rotation using the correspondence rule, 4) axes regions for each facet, 5) the 
axis of rotation map.  
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Figure 8 ς Flowchart of all subroutines 

 

3.2 Computing the Global Visibility Map 

The creation of a Global Visibility Map (GVM) is the objective of phase 1. A GVM 

is a spherical image created to describe the complete set of global visible view directions for 

a surface [14]. The GVM of any surface patch is in the form of a spherical polygon. Under 

spherical coordinate with unit radius, a GVM has a freedom of 2.  

 

Limitations using segment visibility 

The method in [12] provides segmentsô visibility about a given slice orientation. If 

they are presented on a sphere, they form arcs of a fixed great circle. Accordingly, they have 

a freedom of 1 under spherical coordinates with unit radius. Considering that a GVM has a 

freedom of 2, such visibility actually only considers a portion of the GVM.   If a GVM is to 
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be derived from such visibility, the only option is to combine multiple such visibilities from 

different slice orientations.  The hope would be that the original arcs combine to form a 

sufficiently dense portion of a spherical polygon. However, segment visibility is rather 

ñexclusiveò due to slicing.  The segments resulting from two different slicing orientations are 

irrelevant to each other and cannot be matched. Therefore, visibility in two settings, having 

no common reference, cannot be combined. This characteristic makes segment visibility 

ñnon-incrementalò (or unable to accumulate) among slicing orientations (Figure 9).  

 

Figure 9 ς Two different slice orientations and resulting segments of the same facet 
 

Solution 

The key to constructing a GVM from a set of ñexclusiveò visibility maps is to convert 

the segment visibility to facet visibility. This is because the facet, unlike segments, remains 

intact during multiple slicing settings. Therefore, the gradually formed visibility map can 

always refer to some particular facet. Note that by ñconvertingò, the method will still use 

segment visibility, but as an intermediate subroutine. 

 

3.2.1 Computing segmentsô visibility  



16 

 

A method is used to compute visibility to the surface of a model that is rotated about 

a fourth axis[12] assuming a proposed axis of rotation is given. Since the tool access is 

restricted to directions orthogonal to the rotation axis, 2D visibility maps for a set of cross 

sections of the surface of the model can be used together to approximate visibility to the 

entire surface of the model. The method divides a 3D problem into 2D problems and 

conquers each of them separately (Figure 10).  

 
Figure 10 ς Slice geometry; (a) Original model (b) slices (c) visibility calculation of a 

segment 
 

For each segment, this visibility algorithm generates a collection of visible ranges 

given in polar angle about the axis of rotation: 

 
Figure 11 ς Visibility of segments [12] 

Where 6)3 denotes the visibility collection of the ὸ  segment of the Ὦ contour of the Ὧ  

slice. ɡȟɡ  denotes one of its visibility ranges.  



17 

 

 

3.2.2 Computing facetsô visibility  

In a certain slicing setting, the visibility of a facet is calculated as the intersection of 

visibilit ies of all segments contained in that particular facet (Figure 13). To facilitate an error 

estimation which will be introduced later, all approximations are discussed in detail next. 

 

Approximation One 

The segment visibility is an average visibility over  Ўὼ considering the unneglectable 

slicing interval Ўὼ, or the finite number of segments (Figure 12). The ideal situation is that 

each facet is represented by an infinite number of segments. This approximation inherits 

from the method in [4]. 

 
Figure 12 ς Representing a facet by a series of segments from the perspective of visibility 

 

Therefore, the visibility of the original segment reflects visibility over an area (called 

averaging over area) defined by the slicing interval Ўὼ and segment length. The bounds of 

the visibility range of an area are two bands (Figure 13). 
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Figure 13 ς Facet visibility obtained by intersecting ǎŜƎƳŜƴǘǎΩ ǾƛǎƛōƛƭƛǘȅΤ (a) LEFT: the 

visibility range of the 1st area, RIGHT: the visibility range of the 1st segment, (b) 
LEFT: the visibility ranges of all areas, RIGHT: the visibility ranges of all 
segments; (c) LEFT&RIGHT: the right bound of the facet visibility (d) 
LEFT&RIGHT: the left bound of the facet visibility. The two visibility bounds of 
the facet define its range.  

Approximation Two 

It is a compromise of visibility to treat a facet as an intersection of the segments it 

contains. An example is that a facet is deemed invisible when some fraction of its containing 
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segments are still visible. In such case, visibility is not adequately recovered. Such 

disadvantage comes from the nature of approximation ï it has error.  

 

Error Estimation and Reduction 

This work proposes a way to improve approximation and reduce error. All that is 

needed is a way of estimating the specific error and a direction of improvement.  

Visibility volume 

As for error estimation, a concept of visibility volume is introduced (Figure 14).  We 

define the visibility volume of segment j as:  

ὠὠὛ
ρ

ς
ϽЎ—ϽρϽЎὼ

ρ

ς
Ў—Ўὼ 

where Ў— is the range of visibility of segment j and Ўὼ is the slicing interval for segment j. 

And the visibility volume of facet k is defined as: 

ὠὠὊ
ρ

ς
ϽЎ— ϽЎὒ 

Where Ў—  is the visibility range of facet k and Ўὒ is the length of facet k in the 

slicing direction. 

 
Figure 14 ς Concept of visibility volume by an example; the visibility volume is decided by 

ŀ ǎŜƎƳŜƴǘΩǎ Ǿƛǎƛōƛƭƛǘȅ ǊŀƴƎŜ όЎⱣ) and slice interval Ў● 
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Converting quality indicator 

The difference in visibility volume between a facet and the segments it contains 

indicates the visibility loss due to converting, thus can serve as a converting quality indicator 

(Figure 15). We define converting quality of facet k to be: 

 ή
ὠὠὊ

В ὠὠὛ

Ў— ϽЎὒ

В Ў—Ўὼ
 

Where ὲ is the number of segments that facet k contains. The overall converting quality of 

the model is calculated as: 

ή
В ήϽὃ

В ὃ
 

Where ὃ  is the area of facet k. 

 
Figure 15 ς An example of the calculation of converting quality of a facet, the example 

ŦŀŎŜǘ Ƙŀǎ о ǎŜƎƳŜƴǘǎΤ όŀύ ¢ƘŜ ǎǳƳ ƻŦ ŀƭƭ о ǎŜƎƳŜƴǘǎΩ Ǿƛǎƛōƛƭƛǘȅ ǾƻƭǳƳŜǎΣ όōύ 
visibility volume of the facet   
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Error-reduction  

As for error-reduction, a mesh refinement is implemented. That way, the sum of the 

visibility volumes of the smaller facets is at least as much as the big facet containing them, 

and with a chance to be improved (Figure 16). In the implementation section, a tolerance 

Ὕὕὒ is preset and visibility volume loss is calculated for every facet, as long as ή

ρ Ὕὕὒ, a mesh refinement is implemented to increase ή . 

Once ή ρ Ὕὕὒ  , then visibility loss is within the acceptable range and it 

is concluded that the facet visibility is obtained with negligible loss. 

 

 

Figure 16 ς Mesh refinement to improve visibility converting quality 

 

3.2.3 Union of visibility  maps 

A spherical polygon is a closed geometric figure on the surface of a sphere formed by 

the arcs of great circles (Figure 17).  In spherical geometry, geodesics are arcs of great circles.  
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Figure 17 ς An example of spherical polygon [31] and [32] 

 

As facet visibility using slice geometry is in the form of geodesics and GVM is in the 

form of spherical polygons, constructing GVM from the former visibility is possible.  

 

If sliced only in one orientation, the 

facet will still have visibility in the form of 

arcs on a fixed great circle, namely, the 2D 

visibility map (Figure 18). To obtain the 

facetôs GVM, it is required to compute all its 

2D visibility maps (in various slicing 

orientations) and union all of them.  

Geometrically speaking, it is equal to the union of all geodesics into a spherical polygon. An 

example is given in Figure 19 to illustrate the procedure of obtaining a GVM by a union of 

2D visibility maps.   

Figure 18 ς 2D visibility map of a facet 
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Figure 19 ς Union of 2D visibility maps; 1-5) slicing the highlighted facet in 5 different 

orientations within 90°, 6 &7) visibility union; 1-6) yellow curves denote 
accumulated 2D visibility maps, blue transparent planes denotes slicing 
orientations, 6-7) the slicing interval decreases to 1Ј resulting in a dense GVM.  

 

Capturing the complete GVM 

To capture all spherical polygons in a GVM, it is required that the 2D visibility maps 

cover the entire sphere (Figure 20). One good way is to select a set of coaxial and evenly 

spaced 2D visibility maps. 


































































