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Abstract

This thesis addresses the problem of distributed optimization and learning over multi-agent networks. Our
main focus is to design efficient algorithms for a class of nonconvex problems, defined over networks in which
each agent/node only has partial knowledge about the entire problem. Multi-agent nonconvex optimization
has gained much attention recently due to its wide applications in big data analysis, sensor networks, signal
processing, multi-agent network, resource allocation, communication networks, just to name a few. In this
work, we develop a general class of primal-dual algorithms for distributed optimization problems in challenging
setups, such as nonconvexity in loss functions, nonsmooth regularizations, and coupling constraints. Further,
we consider different setup where each agent can only access the zeroth-order information (i.e., the functional
values) of its local functions. Rigorous convergence and rate of convergence analysis is provided for the
proposed algorithms. Our work represents one of the first attempts to address nonconvex optimization and

learning over networks.
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Chapter 1

Introduction

This research mainly focuses on designing algorithms for distributed nonconvexr optimization problems
under different network topologies. Distributed nonconvex optimization problem has found a wide range of
applications in several areas, including data-intensive optimization [63} [144], signal and information processing
[46, [1T5], multi-agent network resource allocation [I32], communication networks [81], just to name a few. In
particular, it is a key enabler of many emerging “big data” analytic tasks. In these data-intensive applications,
the sheer volume and spatial /temporal disparity of big data render centralized processing and storage a
formidable task. This happens, for instance, whenever the volume of data overwhelms the storage capacity
of a single computing device. Moreover, collecting sensor-network data, which are observed across a large
number of spatially scattered centers/servers/agents, and routing all this local information to centralized
processors, under energy, privacy constraints and/or link/hardware failures, is often infeasible or inefficient.
Further, with the advent of high performance and parallel computing interfaces it is reasonable to model the
problem such that we are able to utilize these interfaces to accelerate the computations.

Typically, distributed optimization problem can be expressed as minimizing the sum of additively separable

cost functions plus a regularization function, given below

N

min g() = 3 fi() + h(z), (L1)

z€X
¥ i—1

where N denotes the number of agents in the network; f; : RM — R represents some cost function related
to the agent i, X C RM is a convex set, and h(z) imposes some regularity such as sparsity to the solution,
or denotes the indicator function of a convex set. It is usually assumed that each agent i has complete
information on f;, and it can only communicate with its neighbors. Therefore the key objectives of the

individual agents are: 1) to achieve consensus with its neighbors about the optimization variable; 2) to



€24
()
Figure 1.1: Left: Mesh Network (MNet); Right: Star Network (SNet)

optimize the global objective function g(z).

We consider two popular network topologies, namely, the mesh network (MNet) (cf. Fig. Left) and the
star network (SNet) (cf. Fig. Right). In the MNet, each node is connected via undirected links to a subset
of nodes. Such a network is very popular in a number of applications. For example, in distributed signal
processing [46, [115], each node can represent a sensor which has limited communication capability hence can
only talk to its neighbors. On the other hand, SNet contains a central controller (i.e., the parent) which is
connected to all other nodes (i.e., the children), and there is no connection between the children. Such a
network can be used to model parallel computing architecture in which each child represents a computing
node, and the parent coordinates the computation of the children [143] [78] [54]. In our work, we consider these
different network topologies not only because they are capable of modeling a wide range of applications, but
more importantly, their unique characteristics lead to a number of open challenges in designing distributed
algorithms.

Extensive research has been done on developing algorithms for distributed optimization (for both MNet
and SNet), but these works are mostly restricted to the family of convex problems where f;(x)’s are all convex
functions (detailed literature review is relegated to the following chapters). Once we go beyond the convexity,
the literature is very scant. Therefore, this research is set out to fill such an important gap. Below we briefly

describe three applications that motivate distributed nonconvex optimization.

e Distributed Sparse Principal Component Analysis. Principal component analysis (PCA) aims
to reduce the dimension of multi-variate data set, and has a wide range of applications in science
and engineering, see for example [49] [123] [[19]. Finding the first sparse principal component (PC) is

equivalent to solving the following optimization problem

max || Dz|3 — Ar(z), st ||lz)3<1 (1.2)

where D € RO*M is a centered data matrix, and || Dz||3 represents the explained variance of the first PC

[70], r(x) is a sparsity-promoting regularizer, and A > 0 is the penalization parameter. In practice, r(z)



Figure 1.2: Splitting data matrix across the rows

can take the form of the £y norm of x, or its approximations such as the popular ¢; norm, the log sum
penalty (LSP) [22] and so on. In this research we consider the more challenging scenario where the data
matrix D is not available in a central location, instead it is distributed over a network, and each agent
has access to a mini-batch of the data points. In particular, let D; € R¥*M 4 = 1,2 ... N denote
submatrices that consist non-overlapping rows (or data samples) of D. That is, D = [Dy; Da;- -+ ; Dy];

see Figure According to this data model, the SPCA problem (1.2)) can be reformulated as follows

N
min »  —[|Diz|3 + Ar(z), st |zf3 <1 (1.3)
i=1
This problem is nonconvex because —||D;x||3 in the objective is a concave function. Further, it is easy

to see that this problem has the same form as that of (1.1)), with fi(x) = —||D;z||3, h(z) = Ar(z), and

X ={z e RM; st. ||z|3 < 1}.

Distributed Nonlinear Regression Problem. This application is about a distributed regression
problem. Consider the MNet, which consists of N agents, and each agent ¢ has Q; local observation pairs
(zij,bi5); t =1,2,--- |N, j =1,2,---Q,;. Suppose that each data point is generated in the following

manner:

1

= - + €; i
1 —|—exp(—z;5x) Y

where €;; denotes the additive noise following a zero mean Gaussian distribution. Denote h;(z, z;;) =

1 . .
Trow(—oa) then we can form the following nonconvex nonlinear least square problem [90]

N Qi

mzinZZ[bij = hi(@, 25)) + r(2), (1.4)

i=1 j=1

where again r(x) is a sparsity promoting regularizer. Clearly, problem (1.4)) is a special case of (1.1]),

with f;(z) := Z]Q:il[bij — hi(z, zi5)]°.



e Distributed Target Localization Problem. Consider a network of N agents collectively aim to
locate M target points. Let’s z; € R%, i = 1,2,--- M denote the coordinate of the each target location
(d =2 or 3). In target localization problem each agent ¢ knows its own location w;, as well as a noisy
measurement d;; of the squared distance to each target points j, j = 1,2,--- M. Therefore, this problem

seeks to minimize the following nonconvex optimization problem [25]
N M
mxinz > (g — [l — wil?)?, (1.5)
i=1j=1

which is another special case of problem (L.1)), with f;(z) = Zj]\il(dij — ||z — w;||*)?, h(z) =0, and

X =RM,
The rest of this thesis contains three parts, as described below:

e Chapter 2| In this chapter we consider nonconvex optimization problem over the MNet (cf. Fig. [L.1)).

Typically this problem is modeled as the following

i = i(x), 1.6
nin g(z) ; fi(x) (1.6)
where each f;, i € {1,--- , N} := [N] is a nonconvex cost function. To solve this problem we propose a

proximal primal-dual algorithm (Prox-PDA). We show that Prox-PDA converges to the set of stationary
solutions (satisfying the first-order optimality condition) in a globally sublinear manner. We also show
that Prox-PDA can be extended in several directions to improve its practical performance. To the best
of our knowledge, this is the first algorithm that is capable of achieving global sublinear convergence rate
for distributed nonconvex optimization. Further, our work reveals an interesting connection between the
primal-dual based algorithm Prox-PDA and the primal-only fast distributed algorithms such as EXTRA
[120]. Finally, we generalize the theory for Prox-PDA based algorithms to a challenging distributed

matrix factorization problem.

e Chapter 3] This chapter considers the SNet (given in Fig. Right). Utilizing SNet we are able to

solve the following problem

N
. 1
min - g(z) =+ Zl filz) + fo(z) + p(z), (1.7)
where X is a closed and convex set; for each ¢ € {0,---, N}, f; is a smooth possibly nonconvex function;

p(z) is a lower semi-continuous convex but possibly nonsmooth function. Notice that in this problem



we are able to deal with nonsmooth term p(x) as well as constraint set X in contrast to the problem
. We propose a class of NonconvEx primal-dual SpliTTing (NESTT) algorithms for this problem.
The NESTT is one of the first stochastic algorithms for distributed nonconvex nonsmooth optimization,
with provable and nontrivial convergence rates. The main contribution is the following. First, we show
that NESTT converges sublinearly to a point belongs to stationary solution set of . Second, we
show that NESTT converges Q-linearly for certain nonconvex ¢; penalized quadratic problems. To the
best of our knowledge, this is the first time that linear convergence is established for stochastic and

distributed optimization of such type of problems.

Chapter [l This chapter focuses on a general class of optimization problem given below

i%i;r% g(x) = f(z) + h(x), st. Az =0, (1.8)

where f(z) : RY — R is a continuous smooth function (possibly nonconvex); A € RM*¥ is a rank
deficient matrix; b € RM is a given vector; X is a convex compact set; h(z) : RN — R is a lower

semi-continuous nonsmooth convex function.

Problem (1.8)) subsumes a number of applications in the variety of domains, of which distributed compos-
ite optimization problem over MNet including nonconvex loss functions and nonsmooth regularizations
is a very important yet challenging problem. In what follows we show how distributed optimization

problems in different setups can be cast in general formulation (1.8).

The exact consensus problem over networks. Consider a network which consists of N agents

who collectively optimize the following problem

min f(y) +h(y):

[fiy) + hi(y)], (1.9)

1

N
i
where f;(y) : R — R is a smooth function, and h;(y) : R — R is a convex, possibly nonsmooth regularizer

(here y is assumed to be scalar for ease of presentation). Note that both f; and h; are local to agent i.

To integrate the structure of the network into problem , we consider MNet which is an undirected,
connected graph G = {V, £}, with |V| = N vertices and |€| = E edges. Each agent can only communicate
with its immediate neighbors, and it is responsible for optimizing one component function f; regularized
by h;. Define the node-edge incidence matrix A € REXN as following: if e € £ and it connects vertex i

and j with ¢ > j, then A., = 1if v =14, A., = —1if v = j and A., = 0 otherwise. Using this definition,



RNXN

the signed graph Laplacian matrizc L_ € is given by

L_:=ATA.

Introducing N new variables x; as the local copy of the global variable y, and define x := [z1;--- ;xN] €

RY, problem (4.6)) can be equivalently expressed as

N

min f(z) + h(z) = ; [fi(ai) + hi(z:)], s.t. Az = 0. (1.10)
This problem is precisely original problem with correspondence X = RY, b = 0, f(z) :=
oLy filwi), and h(z) = L h().

The partial consensus problem. In the previous application, the agents are required to reach exact
consensus, and such constraint is imposed through Az = 0 in . In practice, however, consensus
is rarely achieved exactly, for example due to potential disturbances in network communication; see
detailed discussion in [73]. Further, in applications ranging from distributed estimation to rare event
detection, the data obtained by the agents, such as harmful algal blooms, network activities, and local
temperature, often exhibit distinctive spatial structure [27]. The distributed problem in these settings
can be best formulated by using certain partial consensus model in which the local variables of an agent
are only required to be close to those of its neighbors. To model such partial consensus constraint, we
denote £, as the permissible tolerance for e = (i, j) € &£, and replace the strict consensus constraint
z; —x; = 0 with ||z; —z;]|* < &. Further, we define the link variable z. = x; —x;, and set z := {z}ees,
Z:={z]| ||ze||* <& V e € £}. Using these notations, the partial consensus problem can be formulated

as

mizn f(z)+ h(x) := Z [fi(@i) + hi(w;)] (1.11)

which is again a special case of problem ([1.8)).

Notice that the application of optimization problem (1.8]) are not limited to distributed optimization

problem. More problems such as sparse subspace estimation will be discussed in chapter Chapter [4]

In Chapter |4 we develop an Uzawa type [72] algorithm named PProx-PDA for problem (1.8]). One

distinctive feature of the PProx-PDA is the use of a novel perturbation scheme for both the primal and



dual steps, which is designed to ensure a number of asymptotic convergence and rate of convergence
properties (to first-order stationary solutions). Specifically, we show that when certain perturbation
parameter remains constant across the iterations, the algorithm converges globally sublinearly to the set
of approximate first-order stationary solutions. Further, when the perturbation parameter diminishes to
zero with appropriate rate, the algorithm converges to the set of exact first-order stationary solutions.
To the best of our knowledge this is the first time that first-order methods with convergence and rate of

convergence guarantees are developed for problems in the form of (|1.8)).

Chapter [5} This chapter focuses on nonconvex distributed optimization problem under the challenging
zeroth-order setup. A drawback for the algorithms in previous chapters is that they require at least
first-order gradient information in order to guarantee global convergence. Unfortunately, in many
real-world problems, obtaining such information can be very expensive, if not impossible. For example,
in simulation-based optimization [124], the objective function of the problem under consideration can
only be evaluated using repeated simulation. In certain scenarios of training deep neural network [74],
the relationship between the decision variables and the objective function is too complicated to derive
explicit form of the gradient. Further, in bandit optimization [2, B6], a player tries to minimize a
sequence of loss functions generated by an adversary, and such loss function can only be observed at
those points in which it is realized. In these scenarios, one has to utilize techniques from derivative-free

optimization, or optimization using zeroth-order information [125] 26].

In this chapter we propose zeroth-order primal-dual based algorithms for distributed optimization
problems over different network topologies. For MNet, we design an algorithm capable of dealing with
nonconvexity and zeroth-order information simultaneously. It is shown that the proposed algorithm
converges to the set of stationary solutions of problem (with nonconvex but smooth f;’s), in a
globally sublinear manner. Further, for SNet we propose a stochastic primal-dual based method, which
is able to further utilize the special structure of the network (i.e., the presence of the central controller)
and deal with problem with nonsmooth objective in zeroth-order setup. Theoretically, we show

that this algorithm also converges to the set of stationary solutions in a globally sublinearly manner.

To the best of our knowledge, these algorithms are the first ones for distributed nonconvex optimiza-
tion that are capable of utilizing zeroth-order information, while possessing global convergence rate

guarantees.



Chapter 2

Prox-PDA: The Proximal
Primal-Dual Algorithm for

Distributed Nonconvex Optimization

Abstract

In this paper we consider nonconvex optimization and learning over a network of distributed nodes. We
develop a Proximal Primal-Dual Algorithm (Prox-PDA), which enables the network nodes to distributedly
and collectively compute the set of first-order stationary solutions in a global sublinear manner [with a rate
of O(1/r), where r is the iteration counter]|. To the best of our knowledge, this is the first algorithm that
enables distributed nonconvex optimization with global rate guarantees. Our numerical experiments also

demonstrate the effectiveness of the proposed algorithm.

2.1 Introduction

We consider the following optimization problem

N

min ¢(z) := i(2), 2.1

i, 9= 302 (2.1)

where each f;, i € {1,---, N} := [N] is a nonconvex cost function, and we assume that it is smooth and has

Lipschitz continuous gradient.



Such finite sum problem is of central importance in machine learning and signal/information processing
[?,[46]. In particular, in the class of empirical risk minimization (ERM) problem, z represents the feature
vectors to be learned, and each f; can represent: 1) a mini-batch of (possibly nonconvex) loss functions
modeling data fidelity [7]; 2) nonconvex activation functions of neural networks [3]; 3) nonconvex utility
functions used in applications such as resource allocation [I§]. Recently, a number of works in machine
learning community have been focused on designing fast centralized algorithms for solving problem ; e.g.,
SAG [30], SAGA [116], and SVRG [69] for convex problems, and [109 [3| [56] for nonconvex problems.

In this work, we are interested in designing algorithms that solve problem in a distributed manner.

In particular, we focus on the scenario where each f; (or equivalently, each subset of data points in the ERM
problem) is available locally at a given computing node i € [N], and the nodes are connected via a network.
Clearly, such distributed optimization and learning scenario is important for machine learning, because in
contemporary applications such as document topic modeling and/or social network data analysis, oftentimes
data corporas are stored in geographically distributed locations without any central controller managing the
entire network of nodes; see [37], 138 106, [10].
Related Works. Distributed convex optimization and learning has been thoroughly investigated in the
literature. In [98], the authors propose a distributed subgradient algorithm (DSG), which allows the agents to
jointly optimize problem . Subsequently, many variants of DSG have been proposed, either with special
assumptions on the underlying graph, or having additional structures of the problem; see, e.g., [86, 87, [O7].
The rate of convergence for DSG is O(log(r)/+/r) under certain diminishing stepsize rules. Recently, a number
of algorithms such as the exact first-order algorithm (EXTRA) [120] and DLM [83] have been proposed,
which use constant stepsize and achieve faster O(1/r) rate for convex problems. Recent works that applies
distributed optimization algorithms to machine learning applications include [TT3], 10} [1T4].

On the other hand, there has been little work for distributed optimization and learning when the objective
function involves nonconvex problems. A dual subgradient method has been proposed in [146], which relaxes
the exact consensus constraint. In [I7] a stochastic projection algorithm using diminishing stepsizes has
been proposed. An ADMM based algorithm has been presented in [62] for a special type of problem called
global consensus, where all distributed nodes are directly connected to a central controller. Utilizing certain
convexification decomposition technique the authors of [89] designed an algorithm named NEXT, which
converges to the set of stationary solutions when using diminishing stepsizes. To the best of our knowledge,
no distributed algorithm is able to guarantee global convergence rate for problem , in the scenario where
the nodes are distributed in connected a network.

Our Contributions. In this work, we propose a proximal primal-dual algorithm (Prox-PDA) for problem

(5.1) over an undirected connected network. We show that Prox-PDA converges to the set of stationary



1 -1 0 0
% 1 0 0 -1
A= 0 1 0 -1
0 0 1 -1

Figure 2.1: (Left) An undirected Connected Network, (Right) Incidence Matrix.
solutions of problem (satisfying the first-order optimality condition) in a globally sublinear manner. We
also show that Prox-PDA can be extended in several directions to improve its practical performance. To the
best of our knowledge, this is the first algorithm that is capable of achieving global sublinear convergence
rate for distributed non-convex optimization.

Further, our work reveals an interesting connection between the primal-dual based algorithm Prox-PDA
and the primal-only fast distributed algorithms such as EXTRA [120]. Such new insight into the connection
between primal-dual and primal-only algorithms could be of independent interest for the optimization
community. Finally, we generalize the theory for Prox-PDA based algorithms to a challenging distributed

matrix factorization problem.

2.2 System Model

Define a graph G := {V, €}, where V and £ are the node and edge sets; Let |V| = N and |€| = E. Each
node v € V represents an agent in the network, and each edge e;; = (4,j) € £ indicates that node ¢ and j
are neighbors; see FigLeft). Assume that each node ¢ can only communicate with its direct neighbors,
defined as N; := {j | (i,7) € V}, with |N;| = d;. The distributed version of problem is given as below

N
min f(z) =Y fizi), st 2 ==, ¥ (i,5) € £. (2.2)

JERM
i€ i=1

Clearly the above problem is equivalent to as long as G is connected. For notational simplicity, define
r:={z;} € RNMX1 and Q := N x M.

To proceed, let us introduce a few useful quantities related to graph G.
e The incidence matriz A € RE*N is a matrix with entires A(k,i) = 1 and A(k,j) = —1if k = (i,) € £
with 7 > 4, and all the rest of the entries being zero. For example, for the network in Fig (Left); the
incidence matrix is given in Fig[5.1] (Right).

Define the extended incidence matriz as

A= A® Iy e RFM*Q, (2.3)
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e The Degree matriz D € RV*N is given by D := diag[dy, - -- ,dy]; Let D := D ® Iy € R*?,

e The signed and the signless Laplacian matrices (denoted as L™ and LT respectively), are given below
L™ :=ATAcRYQ [+:=2D - ATA c RY*C, (2.4)

Using the above notations, one can verify that problem (5.10)) can be written in the following compact

form:

min f(z), s.t. Az =0. (2.5)

TzERQ

2.3 The Prox-PDA Algorithm

The proposed algorithm builds upon the classical augmented Lagrangian (AL) method [14] 105]. Let us
define the AL function for (5.13)) as

Ly(a, ) = 1(@) + {n, Az) + 2 Aa (26)

where 1 € R? is the dual variable; 3 > 0 is a penalty parameter. Let B € R?*? be some arbitrary matrix to

be determined shortly. Then the proposed algorithm is given in the table below (Algorithm .

Algorithm 1 The Prox-PDA Algorithm

1: At iteration 0, initialize u° = 0 and 20 € R?.
2: At each iteration r + 1, update variables by:

o = arg min [(@) + {7, Aa)+ DAl + Dl — o e (2.72)
zERQ 2 2
ptt = 4 BAxT (2.7D)

In Prox-PDA, the primal iteration (4.12al) minimizes the augmented Lagrangian plus a proximal term

2
BTB*

ng — " We emphasize that the proximal term is critical in both the algorithm implementation and
the analysis. It is used to ensure the following key properties:

(1). The primal problem is strongly convex;

(2). The primal problem is decomposable over different network nodes, hence distributedly implementable.
To see the first point, suppose B” B is chosen such that ATA + BT B = I, and that f(x) has Lipschitz
gradient. Then by a result in [148][Theorem 2.1], we know that there exists 8 > 0 large enough such that the

objective function of (4.12a]) is strongly convex.

11



To see the second point, Let B := |A|, where the absolute value is taken for each component of A. It can

be verified that BT B = L*, and step (4.12a)) becomes

N
2" = arg min Z fi(wy) + (u", Ax) + ga:TL_x + g(a: — 2" TL (z —2")
i=1

N
= arg min Z filzs) + (u", Az) + Bz Dx — BT LT 2"
i=1

Clearly this problem is separable over the nodes, therefore it can be solved completely distributedly.

2.4 The Convergence Analysis

In this section we provide convergence analysis for Algorithm [I] The key in the analysis is the construction of
a novel potential function, which decreases at every iteration of the algorithm. In particular, the constructed
potential function is a conic combination of the AL function and the size of the violation of the consensus
constraint, therefore it measures the progress of both the primal and dual updates.

We first state our main assumptions below.

[A1.] The function f(z) is differentiable and has Lipschitz continuous gradient, i.e.,

IVf(z) = Vf(@)| < Ljz—yll, Vz,yeR?

Further assume that ATA + BTB > Ip.

[A2.] There exists a constant § > 0 such that
g 2 Q
af > —oo0, s.t. f(x)+§|\Ax|| > f, VaeR%.

Without loss of generality we will assume that f = 0. Below we provide a few nonconvex smooth functions

that satisfy our assumptions, all of which are commonly used as activation functions for neural networks.

e The sigmoid function. The sigmoid function is given by

1
sigmoid(x) = 5o e[-1, 1].
Clearly it satisfies [A2]. We have sigmoid’(z) = ﬁ € [0, 1/4], and such boundedness of the first

order derivative implies that [A1] is true (by applying the first-order mean value theorem).

e The arctan function. Note that arctan(x) € [—1,1], so it clearly satisfies [A2]. arctan’(z) = I%_H €

12



[0, 1] so it is bounded, which implies that [A1] is true.

e The tanh function. Note that we have
tanh(x) € [~1,1], tanh’(z) = 1 — tanh(z)? € [0, 1].

Therefore the function satisfies [A1] — [A2].
e The logit function. Since the logistic function is related to the tanh function as follows

x

e
et +1

2logit(x) = =1+ tanh(z/2),

then Assumptions [A1l] — [A2] are again satisfied.

e The log(1 + 2?) function. This function has applications in structured matrix factorization [?]. The

2x
1422

function itself is obviously nonconvex and lower bounded. Its first order derivative is log’ (1 +2?) =

and it is also bounded.

e The quadratic function z7Qxz. Suppose that Q is a symmetric matrix but not necessarily positive
semidefinite, and suppose that 7 Qx is strongly convex in the null space of AT A. Then it can be shown

that there exists a § large enough such that [A2] is true; see e.g., [142] [14].

Other relevant functions include sin(z), sinc(x), cos(z) and so on.

2.4.1 The Analysis Steps

Below we provide the analysis of Prox-PDA. First we provide a bound on the size of the constraint violation
using a quantity related to the primal iterates. Let oy, denotes the smallest non-zero eigenvalue of AT A,

and we define w” := (2"t — ") — (2" — ") for notational simplicity. We have the following result.

Lemma 1 Suppose Assumptions [A1] and [A2] are satisfied. Then the following is true for Proz-PDA.

]‘ T T 2L2 T T 2 26 T
gl =P < g |la” — a4+ || B Bu (28)

Then we bound the descent of the AL function.
Lemma 2 Suppose Assumptions [A1] and [A2] are satisfied. Then the following is true for Algorithm[]]

B—-L 2L?
2 ﬂo—min

26| BB

min

T T roor T r 2
Lata ) = ot ) < - Yt =i [ e (29)
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A key observation from Lemma [2]is that no matter how large [ is, the rhs of cannot be made negative.
This observation suggests that the augmented Lagrangian alone cannot serve as the potential function for
Prox-PDA. In search for an appropriate potential function, we need a new object that is decreasing in the
order of g ||u)T||fBT - The following lemma shows that the descent of the sum of the constraint violation and

the proximal term has the desired property.

Lemma 3 Suppose Assumption [A1] is satisfied. Then the following is true

B
5 (A" 17 + ™ = 27| )
<

Llla™ a7 [P+ 5 (421 4 la” — 2" e ) -

N | ™

(" [ p + 1A= = 2)]%) . (2.10)

It is interesting to observe that the new object, 8/2 (|| Az" |2 + ||a" ™ — 2" ||%. ), increases in L||z" —z7||?
and decreases in 8/2||w" || %z 5, while the AL behaves in an opposite manner (cf. Lemma. More importantly,
in our new object, the constant in front of ||#"T! — 27||? is independent of 3. Although neither of these two
objects decreases by itself, quite surprisingly, a proper conic combination of these two objects decreases at

every iteration of Prox-PDA. To precisely state the claim, let us define the potential function for Algorithm

as

C
Pep(a™ a7 i) = Lol ) + D (|40 4l a7 e ) (2.11)

where ¢ > 0 is some constant to be determined later. We have the following result.

Lemma 4 Suppose the assumptions made in Lemmas[23 —[3 are satisfied. Then we have the following

T ror ror— r 5 —L 212 r r
Pc,ﬂ(x +1,l’ ,[L+1)SPC,[3($ y L 17.u )( 9 750_ R —cL ||‘T +17I ||2
B 2B8|BTB|r\ 2
- (2 - o [w"|[rp - (2.12)

From the above analysis, it is easy to see that as long as ¢ and g are sufficiently large, the potential function
decreases at each iteration of Prox-PDA. Below we derive the precise bounds for ¢ and 3. First, a sufficient

condition for ¢ is given below (note, that § > 0 is defined in Assumption [A2])

(2.13)

Omin

§ 4||BTB
c>maX{L,||F}.
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Here the term“d/L” in the max operator is needed for later use. Importantly, such bound on ¢ is independent

of 5. Second, for any given ¢, we need f to satisfy

B—L 2I?

2 ﬂamin

—cL >0,

which implies the following

16L2

Omin

ﬁ>§ 2c+1+\/(2c+1)2+ (2.14)

Clearly combining the bounds for 5 and ¢ we see that 5 > §. We conclude that if both (2.13]) and (2.14)) are
satisfied, then the potential function Pc,g(x”‘l, 2", u" 1) decreases at every iteration.
Our next step shows that by using the particular choices of ¢ and £ in (2.13)) and (2.14)), the constructed

potential function is lower bounded.

Lemma 5 Suppose [A1] - [A2] are satisfied, and (c,3) are chosen according to (2.13|) and (2.14). Then the

following statement holds true
3P > —c0 s.t. Pc’g(wrﬂ,ﬂ,,urﬂ) >P,Vr>0.

Now we are ready to present the main result of this section. To this end, define Q(z"*!, u") as the optimality

gap of problem ({5.13]), given by
Q" ") = [V La(z™ ") + || Az 1% (2.15)

It is easy to see that Q(2" ™1, ") — 0 implies that any limit point (z*, u*), if it exists, is a KKT point of
(5.13) that satisfies the following conditions

0=Vf(z*)+ATyu*, Az*=0. (2.16)

In the following we show that the gap @Q(:) not only decreases to zero, but does so in a sublinear manner.

Theorem 1 Suppose Assumption A and the conditions (2.13)) and (2.14)) are satisfied. Then we have:

¢ (Eventual Consensus). We have

lim g™ — 4" — 0, lim Az" — 0.
T—>00 T—>00
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e (Convergence to Stationary Points). Fvery limit point of the iterates {x”, u"} generated by Algorithm
converges to a KK T point of problem (5.13). Further, Q(x™ 1, u") — 0.
e (Sublinear Convergence Rate). For any given ¢ > 0, let us define T to be the first time that the

optimality gap reaches below p, i.e.,

T:=argmin Q2" 1") < .

Then for some v > 0, we have ¢ < =5. That is, the optimality gap Q(x" L, u™) converges sublinearly.

2.5 Variants of Prox-PDA

In this section, we discuss two important extensions of the Prox-PDA, one allows the z-problem (4.12a)) to
be solved inexactly, while the second allows the use of increasing penalty parameter p.
In many practical applications, exactly minimizing the augmented Lagrangian may not be easy. Therefore,

we propose the proximal gradient primal-dual algorithm (Prox-GPDA), whose main steps are given below

2" = arg min (V("),2 ~2") + 7, Az) + 2| Azl + Sl — o e (217)
ptt ="+ pAE (2.18)

The analysis of this algorithm follows similar steps as that for Prox-PDA. The major difference is that there
are several places in which we need to bound the term ||V f(z"~1) — V f(2")| instead of ||V f(z" 1) — V f(z")]|.
Moreover, the potential function is no longer decreasing at each iteration. For detailed discussion see the
supplementary material.

Our second variant do not require to explicitly compute the bound for 5 given in . Indeed, the
bounds on 8 derived in the previous sections are the worst case bounds, and algorithms that use stepsizes
that strictly satisfy such bounds may be slow at the beginning. In practice, one may prefer to start with a
small penalty parameter and gradually increase it. We denote this algorithm by Prox-PDA-IP, whose main

steps are given below

BH»I

r+1
2+ = arg min f(2) + (07, Az) + 2 [ Al + T o — 2 B (2.19)
zERQ 2 2
Wt = g AT (2.20)

Note that one can also replace f(x) in (2.19) by (Vf(z"),z — ") to obtain a similar variant for Prox-GPDA
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denoted by Prox-GPDA-IP. The key feature of this algorithm is that the primal proximal parameter, the
primal penalty parameter, as well as the dual stepsize are all iteration-dependent. It would be challenging to
achieve convergence if only a subset of these parameters grow unboundedly.

Throughout this section we will still assume that Assumption A holds true. Further, we will assume that

[" satisfies the following conditions

1 1
7*>03 - — 00, /BTJrlZﬁra
67‘ ;ﬁT

max (8" ! — ") < k, for some finite & > 0. (2.21)
Also without loss of generality we will assume that
BB =0, and |B'B|r>1. (2.22)

Note that this is always possible, by adding an identity matrix to BT B if necessary.
The analysis for Prox-PDA-IP is long and technical, therefore we relegate it to supplementary material.

Below we provide an outline. The key step is to construct a new potential function, given below

c r+1 7 c r+1 r
r+1) (xr—i—ljplr-&-l)_"_ B 5 B ||Axr+1||2+ /8 ﬁ r_xr+1

— Iz

Pgrir (2" 2" = Lgrt1 5 [Br5-

The insight here is that in order to achieve the desired descent, in the potential function the coefficients for
2"+ — 2"||%; 5 and |[Az"1||? should be proportional to O ((87)?). Our proof shows that after some finite
number of iterations, the newly constructed potential function starts to descend, and the size of the descent

is proportional to the following quantity

B ey B
R G- (2.23)

Combining with the fact that the potential function is lower bounded, we can conclude that
o0 o0
BT+1 r+1 T2 (BT)Q 12
Z 5 l" T — 27| <oo,; - lw™||* < 0.

r=1

Using these two inequalities, we can show the desired convergence to stationary solutions of problem ({5.13]).

We have the following theorem regarding to the convergence of Prox-PDA-IP.

Theorem 2 Suppose Assumption A and (4.61)) are satisfied. Suppose that B is selected such that (2.22)
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holds true. Then the following hold for Prox-PDA-IP

¢ (Eventual Consensus). We have
lim g™t — " — 0, lim Az" —0,.
T—00

r—00

e (Convergence to KKT Points). Fvery limit point of the iterates {x",u"} generated by Prox-PDA-IP
converges to a KKT point of problem (5.13)). Further, Q(x" ™%, u") — 0.

2.6 Connections and Discussions

In this section we present an interesting observation which established links between the so-called EXTRA
algorithm [120] (developed for distributed, but convez optimization) and the Prox-GPDA.

Specifically, the optimality condition of the z-update step is given by
V(") + AT (4" + BAaTHY) + B(BT B — 7)) = 0.
Utilizing the fact that ATA = L=, BB = L* and LT 4+ L~ = 2D, we have
Vi) + ATp" + 26D — BL* 2" = 0.

Subtracting the same equation evaluated at the previous iteration, we obtain

V") =V (") +BL 2" +28D(x" ! — ") — BLT (2" — 2" ") =0,

where we have used the fact that AT (u" — u"~1) = BAT Az" = BL~2". Rearranging terms, we have

o D (V) = V) + DL - L) - D
= a7 = e D (VHT) = V) Wa = L+ W (2:24)

where in the last equality we have defined the weight matriz W := %D‘l([ﬁ' — L7), which is a row stochastic
matrix.

Iteration has the same form as the EXTRA algorithm given in [I120], therefore we can conclude
that EXTRA is a special case of Prox-GPDA. Moreover, by appealing to our analysis in Section [2.5] it readily

follows that iteration (2.24]) works for the nonconvex distributed optimization problem as well, as long as the
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parameter [ is selected appropriately.

We remark that each node i can distributedly implement iteration (2.24) by performing the following

r r 1 r— 1 T 1 1 r— r—
ot =t — 554, (Vfi(al) = Viii™h) + Z PR By Z R bpgr? (2.25)
' JENG) ! jeN@

Clearly, at iteration r+ 1, besides the local gradient information, node ¢ only needs the aggregated information

from its neighbors, > JEN() z7;. Therefore the algorithm is distributedly implementable.

2.7 Distributed Matrix Factorization

In this section we study a variant of the Prox-PDA /Prox-PDA-IP for the following distributed matrix

factorization problem [84]

1Xy: = 2ill* + 91X + ha(ya), (2.26)

N |

N

1
min gllXY*Z\I%+nllelfv+h(Y):Z
=1

st. |l <, Vi

where X € RMXK 'y ¢ REXN: for each i, y; € RX consists of one column of Y; Z € RM*V is some
known matrix; A(Y) := Zf\il hi(y;) is some convex but possibly nonsmooth penalization term; n > 0 is some
given constant; for notation simplicity we have defined v := 1/Nn. It is easy to extend the above formulation
to the case where Y and Z both have NP columns, and each y; and z; consists of P columns of Y and Z
respectively. For notational simplicity, in our following discussion we only consider the vector case as given in
[2-26).

We assume that h(Y) is lower bounded over dom (h). One application of problem is the distributed
sparse dictionary learning problem where X is the dictionary to be learned, each z; is a training data sample,
and each y; is the sparse coefficient corresponding to the particular training sample z;. The constraint
|lyi||?> < 7 simply says that the size of the coefficient must be bounded.

Consider a distributed scenario where N agents form a graph {V, £}, each having a column of Y. We

reformulate problem (|2.26]) as
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N
1
min SN Xy — zill? + hilyi) + Xi2)
(X:}4vi} ; <2” I (y:) + 1 Xill%

st |wll><7, Vi X;=X;,V(i,j) €€

Let us stack all the variables X;, and define X := [X1; Xo;--- ; Xn| € RVMXE | Define the block signed
incidence matrix as A = A ® Iy € REMXNM  where A is the standard graph incidence matrix. Define
the block signless incidence matrix B € REMXNM gimjilarly. If the graph is connected, then the condition

AX = 0 implies network-wide consensus. We formulate the distributed matrix factorization problem as

1
min X,Y)+h(Y ( Xiyi — zi||* + Y1 Xi||% + hy )
min §:j 1y = 2l + Xl + Do)
st lyl|*> <7, Vi AX =0. (2.27)

Clearly the above problem does not satisfy Assumption A, because the objective function is not smooth,
and neither Vx f(X,Y) nor Vy f(X,Y) is Lipschitz continuous. The latter fact poses significant difficulty in
algorithm development and analysis.

Define the block-signed /signless Laplacians as
~=A"TA LT =B"B. (2.28)

The AL function for the above problem is given by

B

1
Ls(X,Y, Q) Z (QIXiyi_ZiIQ'i"VXi%'i'hi(yi)) +(2,AX) + 5(AX, AX), (2.29)

where  := {Q.} € REM*K ig the matrix of the dual variable, with Q. € R™*¥ being the dual variable
for the consensus constraint on link e, i.e, X; = X, e = (4, j).

Let us generalize Algorithm [1| for distributed matrix factorization given in Algorithm [2| In Algorithm
we have introduced a sequence {67 > 0} which measures the size of the local factorization error. We note

that including the proximal term 9y — yr'||? is the key to achieve convergence for Algorithm [2| Again one

should note that g(AX, AX) + g(B(X —X"),B(X — X")) is strongly convex in X.
Let us comment on the distributed implementation of the algorithm. First note that the y subproblem

(2.30b)) is naturally distributed to each node, that is, only local information is needed to perform the
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Algorithm 2 Prox-PDA for Distr. Matrix Factorization

1: At iteration 0, initialize Q° = 0, and X°,°
2: At each iteration r + 1, update variables by:

= |X] v — 2l Vi (2.30a)

yrt = arg i SIXTy - sl ) + = ol (2:300)

X = arg n}i(n FX, Y™ +(Q7, AX) + §<AX, AX) (2.30c)
8

+5(B(X - X"), B(X — X"));
QM =Q" +pAX"T (2.30d)

update. Second, the X subproblem (2.30c) can also be decomposed into N subproblems, one for each
node. To be more precise, let us examine the terms in (2.30d) one by one. First, the term f(X,Y" 1) =
Zi]il (%HXnyH zi||* 4+ hi(yi) + ]| Xill%), hence it is decomposable. Second, the term (2", AX) can be

expressed as
N
@, AX) =Y Z - > (90X
T et ,
where the sets U(i) and H (i) are defined as

Ui):={e|le=(i,j) € E,i>j},

H(i) = {e| e = (i,j) € £.j = i}.

Similarly, we have

N
(BX",BX) = Z<Xi,diX{ + Yy X;T>

JEN(3)

N

N
((AX,AX)+(BX,BX)) = (DX, X) = BzdiHXi“%“

where D := D ® Ip; € RNMXNM with) D being the degree matrix. It is easy to see that the X subproblem
(2.30c)) is separable over the distributed agents.

Finally, one can verify that the €2 update step (2.30d)) can be implemented by each edge e € £ as follows

QO =0+ (X]T - XY, e=(i.4),i > .
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To show convergence rate of the algorithm, we need the following definition
QXY™ Qn) = BIAX TP+ [|[Z77 251,
where we have defined

Z7H =V Lg( X7 Yy Q)

Zy =Y —prox, o [V = Vy (Lg(X7HL Y7L Q7) — w(Y))] .
In the above expression, the prox operator for a convex lower semi-continuous function p(-) is given by
. 1 2
prox,(c) = argmin p(z) + §||z — | (2.31)

We have also used Y := J, {||y:[|> < 7} to denote the feasible set of Y, and used +(Y) to denote the indicator
function of such set. Similarly as in Section we can show that Q(X "™ Y™+ Q") — 0 implies that
every limit point of (X", Y"1 Q") is a KKT point of problem [2:27).

Next we present the main convergence analysis for Algorithm [2l The proof is long and technical, therefore

we relegate it to supplementary material.

Theorem 3 Consider using Algom'thm@ to solve the distributed matriz factorization problem (2.27)). Suppose
that h(Y') is lower bounded over dom h(x), and that the penalty parameter B, together with two positive

constants ¢ and d, satisfies the following conditions

B+2y 8(12 +442) cd

2 ﬁamin a ? ” O,
1 8 c 1 8T cT
e | AN 2.32
2 o'minﬁ d - 2 Uminﬁ d - ( )
26||BTB
s 28|B"B| _
2 Omin

Then in the limit, consensus will be achieved, i.e.,

o -
T X7 - XJ[ =0,V (i.j) €€,

Further, the sequences {X" ™'} and {Q" '} are both bounded, and every limit point generated by Algorithm
is a KKT point of problem (2.26]).
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Figure 2.2: Results for the matrix factorization problem.
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Figure 2.3: Results for the matrix factorization problem.

Additionally, Algorithm[g converges sublinearly. Specifically, for any given ¢ > 0, define T' to be the first

time that the optimality gap reaches below v, i.e.,

T :=argmin Q(X "™, Y™ Q") < ¢.

Then for some constant v > 0 we have ¢ < 755.

We can see that it is always possible to find the tuple {8,¢,d > 0} that satisfies : c can be
solely determined by the last inequality; for fixed ¢, the constant d needs to be chosen large enough such
that 1/2 — 5 > 0 and 1/2 — 5 > 0 are satisfied. After ¢ and d are fixed, one can always choose /3
large enough to satisfy the first three conditions. In practice, we typically prefer to choose § as small as
possible to improve the convergence speed. Therefore empirically one can start with (for some small v > 0):
c= 2B Bl v, d=max{4,2c7}, and then gradually increase d to find an appropriate [ that satisfies the
first three conditions.

We remark that Algorithm [2] can be extended to the case with increasing penalty. Due to the space

limitation we omit the details here.
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2.8 Numerical Results

In this section, we demonstrate the performance of the proposed algorithms. All experiments are performed
in Matlab (2016b) on a laptop with an Intel Core(TM) i5-4690 CPU (3.50 GHz) and 8GB RAM running
Windows 7.

2.8.1 Distributed Binary Classification

In this subsection, we study the problem of binary classification using nonconvex regularizers in the mini-bach

setup i.e. each node stores b (batch size) data points, and each component function is given by

b M 2
1 T Aoz,
fi(xi) = N Lz_;log(l + exp(—y;z; vj)) + ; 1T an?. Ozxf,,j

where v; € RM and y; € {1,—1} are the feature vector and the label for the ith date point [7]. We use
the parameter settings of A = 0.001, @« = 1 and M = 10. We randomly generated 100,000 data points and
distribute them into N = 20 nodes (i.e. b = 5000). We use the optimality gap (opt-gap) and constraint

violation (con-vio), displayed below, to measure the quality of the solution generated by different algorithms:

2
+ || Az||?, con-vio = ||Az]|?.

N
> V=)

i=1

opt-gap =

We compare the the Prox-GPDA, and Prox-GPDA-IP with the distributed subgradient (DSG) method
[98] (which is only known to work for convex cases) and the Push-sum algorithm [I129]. The performance of all
three algorithms in terms of the consensus error and the optimality gap (averaged over 30 problem instances)
are presented in Fig. The penalty parameter for Prox-GPDA is chosen such that satisfies , and 8"
for Prox-GPDA-IP is set as 0.051og(r), the stepsizes of the DSG algorithm and the Push-sum algorithm are
chosen as 1/0.05log(r) and 1/r, respectively. Note that these parameters are tuned for each algorithm to
achieve the best results. It can be observed that the Prox-GPDA with constant stepsize outperforms other

algorithms. The Push-sum algorithm does not seem to converge within 1000 iterations.

2.8.2 Distributed Matrix Factorization

In this section we consider the distributed matrix factorization problem (2.26)). The training data is constructed
by randomly extracting 300 overlapping patches from the 512 x 512 image of barbara.png, each with size

16 x 16 pixels. Each of the extracted patch is vectorized, resulting a training data set Z of size 256 x 300.
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We consider a network of N = 10 agents, and the columns of Z are evenly distributed among the agents
(each having P = 30 columns). We compare Prox-PDA-IP (a variant of Prox-PDA with increasing stepsize)
with the EXTRA-AO algorithm proposed in [51I]. Note that the EXTRA-AO is also designed for a similar
distributed matrix factorization problem and it works well in practice. However, it does not have formal
convergence proof. We initialize both algorithms with X being the 2D discrete cosine transform (DCT)
matrix. We set v = 0.05, 7 = 10° and 8 = 0.0017, and the results are averaged over 10 problem instances.
The stepsizes of the EXTRA-AO is set as aao = 0.03 and Sao = 0.002.

In Fig. we compare the performance of the proposed Prox-PDA-IP and the EXTRA-AO versus the
number of iterations. It can be observed that our proposed algorithm converges faster than the EXTRA-AO.
We have observed that the EXTRA-AO does have reasonably good practical performance, however it lacks

formal convergence proof.

25



2.9 Appendix

2.9.1 Proof of Lemma 23|

From the optimality condition of the = problem we have
V™) + AT (u" + pA2" ) + BBTB(z" ! — 2") = 0.
Applying , we have
AT+t = V(™) — BBTB(2" ! — 27). (2.33)

From equation (2.7b) (1! = u" + BAT ") it is clear the difference of the dual variables lies in the column

space of A. Therefore the following is true

1/2 r r r T
T2 = | < AT (= ).

min

This inequality combined with (2.33)) implies that

1 —
0 = ) S = = V) = BBT B — o) — (<Y S (") - BBT BT — o)
1 :
= 7 IVf@") = Vf@*") - 8BTBu|.
Squaring both sides and dividing by /3, we obtain the desired result. Q.E.D.

2.9.2 Proof of Lemma [2]

Since f(z) has Lipschitz continuous gradient, and that AT A+ BT B = I by Assumption [A1], it is known that
if 8> L, then the z-problem (4.12a)) is strongly convex with modulus v := § — L > 0; See [148] [Theorem
2.1]. That is, we have

r 6 r r ﬂ r
Lo(x, 1) + Sllo = af5rp = (Lp(z, 1) + 512 = 2"l )

> (VoLg(z,u") + B(BTB(z — 2")),x — z) + ng — 2|, Va,ze RN, ¥V u". (2.34)
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Using this property, we have

Lﬁ(xr+l’ur+1) _ LQ(SL'T,,U,T)

=La(a" ' W) — Lg(a"™ ™, u") + La(a" ™, 1") — La(a", 1)

< Lo i) Lo i) + L@ ) + D 0By — Lp(a” )
Q=i T W 0, L™ 1) + BT B — a)) 2 — a7} Sllat —ar|?
oy e R TR
3 2
< 2 (B o w28 7B ) - et -2
(55 - 2 e+ 2 (259

where in (i) we have used (2.34) with the identification z = 2"*! and x = 2" and the fact that
1
L™ ) = Ly ) = AT = P

; in (44) we have used the optimality condition for the z-subproblem (4.12a)). The claim is proved. Q.E.D.

2.9.3 Proof of Lemma [3]

From the optimality condition of the x-subproblem we have
(V@™ + ATpm + AT Ae™ 4+ BBTB(a™ — "), 2™ —2) <0, V 2 € RC,
If we shift r to r — 1, we get
(V") + AT =t + BAT Az" + BT B(a" — 2"~ 1), 2" — 2) <0, V 2 € R9.

Plugging = = 2" into the first inequality and = 2" ! into the second, adding the resulting inequalities and

utilizing the p-update step (2.7b)) we obtain

(Vf(a™) =V f(a") + AT (" = p") + BT Bw" 2" —2") < 0.
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Rearranging, we have

<AT(MT+1 _ ﬂr),errl _ £CT> < _<Vf(1,r+1) _ Vf(.’tr) 4 /BBTB,LUT71,’I‘+1 _ $r>.

Let us bound the lhs and the rhs of ([2.36) separately.
First the lhs of (2.36]) can be expressed as

<AT(MT+1 _ Mr)7xr+1 _ mr> — <ﬁATAZ‘T+1,xr+1 _ xr>
= (BAz™T Ax™T! — Az")

= BllAa"* — B{Az", AaT)
B

=5 (lAz"? = A" | + A" = 2")]?).

2
Second we have the following bound for the rhs of (2.36))

(V@) = V(@) + BBT BT 2~ a)

< L||:L,r+1 _ {ET”2 _ ﬁ<BTBU)T,{ET+1 _ (ET>

B

= 2l = 5 (I = e = 1 = e ).

Combining the above two bounds, we have

B

g ([Az" 2 + [l — 2" Brp) < Llla™ " —a"|* + 5 (2" — 2" G p + | 42"[]?)

2
B

=5 (' l5ep + [ A@™ —2"))?) .

2

The desired claim is proved.
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2.9.4 Proof of Lemma [4]

Multiplying both sides of (2.10) by the constant ¢ and then add them to (2.9)), we obtain

I T /B s ' T
L™, ) + 5 (14272 + 7 = a7 )
T T s T /3 'l"* T
< Lala” i) + Ll oI + L (o = oy + 1427 1P)
B —L 217 r r 25 r||2 Cﬁ r r r
(55 o It = 2 BB = G (e + 4G - )

T T C/B T T— T
< Lg(a", p )Jr? (le" = 2" HGrp + | A2"]1?)
ﬂiL 2L2 r r Cﬂ 2/6||BTB||F r2
(5 - et et = - (G - P Y e

2 50min min

The desired result is proved. Q.E.D.

2.9.5 Proof of Lemma [25

To prove this we need to utilize the boundedness assumption in [A2].

First, we can express the augmented Lagrangian function as following

Lﬁ(xr—i-l’Mr—i-l) _ f(.%‘r+1) + <Mr+1,A.’ET+1> + gller+1||2

T 1 T s T ﬁ T
=f=") + Bw Lt =) 4 Gl AT

' 1 T T T T ﬁ T
= f(a") + 5 (02 = D12 A = ) + S A2

Therefore, summing over 7 = 1--- T, we obtain

T
' T‘ T‘ B 1 I 1
ZLB L) = 3 (£ + GIATR 4 ol =12+ g (R = ).

r=1

Suppose Assumption [A2] is satisfied and S is chosen according to (2.13)) and ([2.14]), then clearly the above

sum is lower bounded since
B 2 4 2 Q
f(@)+ S14z)? 2 f(2) + S| Aal? 2 0, ¥ 2 € R,

This fact implies that the sum of the potential function is also lower bounded (note, the remaining terms in
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the potential function are all nonnegative), that is

T
> Pepla™ 2"yt > —00, VT >0.

r=1

Note that if ¢ and 3 are chosen according to (2.13) and (2.14), then P. g(z" ™!, 2", ") is nonincreasing.
Combined with the lower boundedness of the sum of the potential function, we can conclude that the following

is true
P.p(a™ 2" ") > —co, Vr>0. (2.39)
This completes the proof. Q.E.D.

2.9.6 Proof of Theorm [

First we prove part (1). Combining Lemmas 4| and [25, we conclude that [|z"*! — 2"||> — 0. Then according
to (5.32)), in the limit we have u"+! — ", or equivalently Az" — 0. That is, the constraint violation will be
satisfied in the limit.

Then we prove part (2). From the optimality condition of z-update step (4.12a)) we have
Vi + AT 4+ AT (A2" ) + BBTB(z"t! — 2™) = 0.

Then we argue that {u"} is a bounded sequence if V f(z"1) is bounded. Indeed the fact that ||z" ! —z"||? — 0

and Az"*! — 0 imply that both (z"*! — z") and Az"*! are bounded. Then the boundedness of u" follows

from the assumption that V f(z) is bounded for any z € R?, and that p" lies in the column space of A.
Then we argue that {z"} is bounded if f(x) + §||A:v||2 is coercive. Note that the potential function can

be expressed as

s T T s T T /8 s cﬁ T T T
Pepa™ ot ) = f@) + (0 AaTH) & AT 5 (AR T = o)
. 1 ) I}
= 1) + R = 2 4+ 1+ = ) + G Aa

B

+ 5 (A" 2 4 o™ = 27| )

and by our analysis in Lemma we know that it is decreasing thus upper bounded. Suppose that {z"} is

unbounded and let K denote an infinite subset of iteration index in which lim __j- 2" = co. Passing limit to
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P.g(z™ 1, 2" 1) over K, and using the fact that 2"t — 2", u"1 — u", we have

s

cB+p

lim P, g(z" Y, 2", ") = lim f(z" ™) + =—2||A2" | =
L, a( n) limm, (") 5| [

where the last equality comes from the coerciveness assumption. This is a contradiction to the fact that the
potential function P. g(z" !, 2", u" ') is upper bounded. This concludes the proof for the second part of the
result.

Then we prove part (3). Let K denote any converging infinite iteration index such that {(u",2")}rex

converges to the limit point (u*,2*). Passing limit in &, and using the fact that ||z" ™! — 2"|| — 0, we have
Vi(z*)+ AT p* + BAT Az* = 0.

Combined with the fact that Az* = 0, we conclude that (u*, z*) is indeed a stationary point of the original

problem (|5.13)), satisfying (5.15]).

Additionally, even if the sequence {z"*!, u"T1} does not have a limit point, from part (1) we still have
1

|t — p|| = 0 and ||2" — 2" 1| — 0. Hence

lim V,Ls(2™, 1) = lim V() Y lim —8BTB(@ —2") = 0
B s

r—00 T—00 oo

where (i) is from the optimality condition of the z-subproblem (4.12a]). Therefore we have Q(z"*1, u") — 0.
Finally we prove part (4). Our first step is to bound the size of the gradient of the augmented Lagrangian.

From the optimality condition of the z-problem (4.12al), we have

IVaLp(a", u" = )? = |VoLp(a™, u") + BBTB(a"*" —a”) = Vo Lg(a”, u" )|
= [V f(@™*) = Vf@") + AT(u"™ = p") + BB B(a™ —a")||?

< 3Ll — a2+ 3| = [P AT Al + 367 BT BT — a2
By utilizing the estimate , we see that there must exist a constant & > 0 such that the following is true
Q" w1 = |VaLp(a, w1 + Bl A" ||? < € || — 2" +Y||* + £ || BT Bu"||”.
From the descent estimate we see that there must exist a constant v > 0 such that

Pc7ﬁ(xr+17xr7ur+1) _ Pcyﬁ(xr’mr—l,’u'r') < —V||$r+1 _ mr”Z —v HBTBUITHQ )
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Matching the above two bounds, we have

Q(xrallril) < (Pc,ﬁ(xrwfrilvlffr) - Pc,ﬁ($r+1axrvﬂr+l)) .

IS

Summing over 7, and let T denote the first time that Q(a", u"~!) reaches below ¢, we obtain

P < D QT < 1_15( ep(@ls 2t pt) = Peg(a®, a1 uh))

1
—15( cﬁ(x 20, pt) — P)::Tlil.

| /\

We conclude that the convergence in term of the optimality gap function Q(z"*, u") is sublinear. Q.E.D.

2.9.7 The Analysis Outline for Prox-GPDA

First, following the derivation leading to (5.32)) we obtain

2L 2
e e 255" Bur|. (2.40)

Note that the first term is now related to the square of the difference between the previous two iterations.

Following the proof steps in Lemma [2] the descent of the augmented Lagrangian is given by

L ( T+1,,LLT+1) o Lg(mr,ﬂr)

- 2
< B E et -+ 2 |5 B e T I (2.41)

Omin

In the third step we have the following estimate

B i, T
= (1A 4+ o = 0T )
<£ -1 _ .2 “nar+l 2 é r__ r—12 Ar2
< Slla™ =2t Sl oI+ 5 (e = 2" Hlprp + | A"]%)
2 2 2
B i r r
= 5 (w5 g + 1A —2n)]). (2.42)
2

Note that the first two terms come from the following estimate

r r r r— L T T 1 r =
T V) = V) < Dl a4 V)~ VP
L L
< =z r+1 _ r2 “Nar =12
< Sl =2t + e =2
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where the first inequality is the application of Young’s inequality.

In the fourth step we have the following overall descent estimate

B

L5($T+1,,u,r+1) + ? (HAxr+1H2 + ||£CT+1 o erzBTB)
r o or CB r r— r ﬂfL cL , .
< Lot w4 5 (e =2 e + 14277 - <2 - 2) Jam+t — a7
21,2 cL —_ , B 26HBTBH o
* (ﬂamin + 2) e =" - (2 T omm [w"|[grp - (2.43)

Note that there is a slight difference between this descent estimate and our previous estimate (4.28)), because

now there is a positive term in the rhs, which involves ||z" — 2" ~!||2. Therefore the potential function is
difficult to decrease by itself. Fortunately, such extra term can be bounded by the descent of the previous

iteration. We can take the summation over all the iterations and obtain

C
Lo(a™ 1) + D (AT 4 2T 2T e )

2
cf 2172
< oG i)+ G (I = 2l + 142 1P) + (o L) [0 o
T-1 T
B_L 2L2 r+1 T2 Cﬁ 2B||BTB|| 2
-3 (555 - -]l -] (G TP

Clearly as long as the potential function is lower bounded, we have 2"t! = 2" and 2" t! — 2" — 2" — 2" L.

The rest of the proof follows similar steps leading to Theorem [I| hence is omitted.

2.9.8 Proof of Convergence for Prox-PDA-IP

In this part we present the convergence analysis for Prox-PDA-IP algorithm which main steps are given in

(2.19) and (2.20). Our analysis consists of a series of steps.

Step 1. Our first step is again to bound the size of the successive difference of {u"}. To this end, write down
the optimality condition for the z-update (2.19)) as
ATt = V(™) — g BT B2 — 27). (2.44)

Subtracting the previous iteration, we obtain

AT (= ) = (V@) = V(") = BB (u") — (67 = ) BTB@ —ar). (2.45)
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Therefore, using the fact that u"+1 — u" € col(A), we have

r+1

grrrlle — |

3 r r r r 3BT
< Grrig— (L 4+ (87 = B PIBTB]) o+ — o) 4 ﬁ%—WWB P (246)

Also from the optimality condition we have the following relation

T T 1 — T T T 1 s
X +1 =T — 6T+1 (BTB) 1 (Vf(l' +1) +AT,LL +1) =T — W’U +17 (247)

where we have defined the primal update direction v"*! as

ot = (BTB)fl (vf(mr+l) + ATMT+1) )

Step 2. In the second step we analyze the descent of the augmented Lagrangian. We have the following

estimate

= LBT-H (.’ETJrl, /LTJrl) - L3r+1 (errl, MT) + L/Br-{-l (:L’TJrl, /J,T) - Lﬁr+1 (:rr, ,ur) + L,@H—l (SL'T, ,U,T) - Lﬁr(

z", u")

i) 1 i 57‘ +1 Br-',-l — L
S Mr-i—l T 2 :U/ _ 'r—l 2 $T+1 _ LL'T 2

5T | I”+ S || IF ==l |
(i) (prHl— [ 3 gt —pr
< _ _ L2 r+1 _ ar)\2 BTB r+1 _ _r 2 r__ o r—1y2
L (T g @ - I ) o = a4 S -

3(Br)2 T |2
+ gty BB (@] (2.48)

where in (i) we have used the optimality of the z-subproblem (cf. the derivation in ([5.66)), and the fact that

r+1 _ 7 r4+1 T
Larn(a o) = Lol ) = o aarp = 2 — e (2.49)

in (ii) we have applied ([2.46).
Step 3. In the third step, we construct the remaining part of the potential function. We have the following
two inequalities from the optimality condition of the z-update (2.19))

(V@) + AT 4+ g BT B2 —a"), 2" —2) <0, Va € R?

(VF@a" )+ A" +B"BT"B(a" — 2" '),2" —2) <0,V € RY.
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Plugging x = z” and z = 2" 1! to these two equations and adding them together, we obtain

<AT(MT+1 o ,U,T),(tTJrl o LCT>

_<Vf(xr+1) _ vf(xr)’xr—i-l _ xr> _ <BTB(ﬁr+l(xr+1 _ J)T) _ ﬁr(xr _ mr—l))7xr+1 _ xr>.

The lhs of the above inequality can be expressed as

(AT (Wt — "), 2™t —a”)

BT+1 r+12 2 r+1 V|2
= —5— (142”77 = A" [P + [ A" — 2 )I)

Br+1 . I@r , Br +1 ; , 57" ﬂrJrl ,
= 1402 = 407 2 4+ S AT — o) |2+ S [ AaT P,

while its rhs can be bounded as

_ <vf(xr+1) _ Vf(xT),acH'l _ LL‘T> _ <BTB(5T+1(:ET'+1 _ .Z'T) _ ﬂT(.’IJT _ xr—l))7xr+1 _ .’ET>

< Llla™ = ot = (B = B2 — 2T | B g

8" : _ : : :

+ 5 (2" =" e = " 2™ — 07 5)
r+1 r

— Ler—i—l _ xr||2 ﬁ 5 5 || r+1 _ T

ﬁr-&-l
2

" r—12 r ﬁr 7|2
‘*‘3”53 A 2" — ||w 575

(%) 6"
R 1 i o L

Therefore, combining the above three inequalities we obtain

Br+1
T”xT _

BT r BT r r—
< S A" + S lla” = 2" + T

[ A" * + 2" s

6r+1 Br
2(p7)?

ﬂr+1
2

T
=" = P+ Ll = 2" = Sl B
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Multiplying both sides by 8", we obtain

O a4 O o~ arit

< O aari o e — ar My o Tt e e -
L | LT o

= B8 e+ B o — e+ T - e -
O e+ EE D o, (2.50)

r+1_ gr - regr_gr—1
B =t — pr||? and EE AT ) A2,

where in the last equality we have merged the terms = 5

Step 4. In this step we construct and estimate the descent of the potential function. For some given ¢ > 0,

let us define the potential function as

r+1) ro_ JIT+1

— Iz 57 5-

Pgrer o(z™ 2", 5

c r+1 7 c r+1 Qr
= Lgrea (2" 0"t + LA 5 b |Az" T2 + p
Note that this potential function has some major differences compared with the one we used before; cf. (2.11)).
In particular, the second and the third terms are now quadratic, rather than linear, in the penalty parameters.

This new construction is the key to our following analysis.

Then combining the estimate in (2.50) and (2.48]), we obtain

PBT+1’C(xT+1, xz", MrJrl) — Pﬁr,c(wr; :Eril, ,LLT)

_ (,BT“—L 3

2 - ﬂr+10min

(L2 =+ (ﬁr—i-l _ /BT)QHBTBH) o CﬂTL) er—&-l _ erQ

ﬁTJrl _Bril 1 T r—12 c/@r(ﬂr_[@rfl) T r—1)2
o (§+C)||M WP e = 2" e
(87 3(87)°|IB"B r
- (C 2) - BTJrlHUmin ”) [Jw H%TB (2.51)

where in the inequality we have also used the fact that 87 > 7.
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Taking the sum of 7 from ¢ to T' (for some T' > ¢ > 1) and utilize again the estimate in (2.46)), we have

PﬁT+1 c(xT+1 4 NT+1) PB’ c(x zt ,/jft)

< Z (BT“ L 3+4301/8"+)(B* —p1)/26" (

124 (57— 57 BT B)

B’I‘+1o—min
_BL— BT (B! ;5T)|BTB|> 2™+ — 7|2
(2 B0 RIS
2 BT omin
+ PO iy + BP0 4 et = (2:52)

First, note that for any ¢ € (0,1), the coefficient in front of Hw’"|\2BT p becomes negative for sufficiently large
(but finite) ¢. This is because {8} — oo, and that the first term in the parenthesis scales in O((37)?) while
the second term scales in O(8") . For the first term to be negative, we need ¢ > 0 to be small enough such

that the following is true for large enough r

r+1 _ L r+1 r+1 _ or T r+1
FoL NS - g|BTE|
2 2 24

Suppose that r is large enough such that (87t — L)/2 > 87+1/3, or equivalently 871 > 3L. Also choose

c=min{1/(4L),1/(12x||BT B||)}, where & is given in (4.61)). Then we have

B - L BB - BBTB| _ g gt gt prdt
— B — — — = . 2.
2 b 2 ~ 73 4 24 24 (253)
For this given ¢, we can also show that the following is true for sufficiently large r
3+3(1 IB’I” +ec I@r—i—l _ﬁr—l 2/@7’ . ; 6T+1
el VB (12 4 (5t — 2 B7BI) <
ﬁ + Omin
c(B7)?  (B43(1/B" + (B — 1) /267)(87)?| BT B ( )2
2 Bt omin 48
In conclusion we have that for sufficiently large but finite ty, we have
PﬁT+1 c(xTJrla xTa :U‘TJrl) - P,BtO,c(xt071 to,.u )
BT 1 r r C(BT)Q r
<3 (B e - O
r=tg
to to _ Qto—1 to+1 _ pQto—1
4 AP Djgto ot 4 22y e -, (259
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Therefore we conclude that if {3711} satisfies (4.61), and for ¢ > 0 sufficiently small, there exits a finite
to > 0 such that for all T > ¢g, the first two terms of the rhs of (2.52)) are negative.
Step 5. Next we show that the potential function must be lower bounded. Observe that the augmented

Lagrangian is given by

L5r+1 ($r+1’ IurJrl)
r+1
= @)+t Aty 4 D e
P 4 (I I — )+ D a2
2ﬁr+1 2
1 1 1 1 1 grt

— r+1 r+1(2 _ 12 r+1 _ 12 _ 12 Ar+12

£+ g1 = g P+ g+ = P+ (55 = g ) P + T e
> F@) 4 = e et — P+ D e
- 2ﬁr+1 K Qﬁr K 2ﬁr+1 K H 2

where we have used the fact that 87! > 7. Note that to in (2.54) is a finite number hence 261“) luto|? is

finite, and utilize Assumption [A2], we conclude that

> Lo (@ @) > —o0. (2.55)

’I':to

By noting that the remaining terms of the potential function are all nonnegative, we have
o0
ZPHT+17C(3UT+1,$T,,LLT+1) > —00. (2.56)
r=1

Combining and the bound (which is true for a finite ¢ty > 0), we conclude that the potential
function Pgr+1 o(z"1, 2", ") is lower bounded for all r.
Step 6. In this step we show that the successive differences of various quantities converge.

The lower boundedness of the potential function combined with the bound (which is true for a

finite ¢ty > 0) implies that

DAl = am|? < oo, (2.57a)
r=1
> (B W' B g < 0. (2.57b)
r=1
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Therefore, we have

BTzt — 272 — 0, (2.58a)

T T 2
(B2 [|w"|| gz 5 — O (2.58b)
These two facts applied to (2.45)), combined with p"** — " € col(A), indicate that the following is true
== 0. (2.59)

Also (2.54) implies that the potential function is upper bounded as well, and this indicates that

C,BT—HﬁT
2

Cﬂr—i—lﬂr

| Az"*1||? is bounded, 5

" — 2" "% is bounded. (2.60)

The second of the above inequality implies that 371 BT B(2™*1 — 2") is bounded. If we further assume
that V f(x) is bounded, and use (2.44)), we can conclude that {u"} is bounded.
Step 7. Next we show that every limit point of (z", u") converges to a stationary solution of problem .
Let us pass a subsequence K to (2", u") and denote (z*, u*) as its limit point. For notational simplicity, in
the following the index r all belongs to the set K.

From relation we have that any given € > 0, there exists ¢ large enough such that the following is
true

r+1 r+1 _ T 2 < L 261
3 =T < o (2.61)

Utilizing (2.47), we have that the following is true

oo 1 o
r+12 . \2 r2 _
Zl gl P <oo, lim Z;(ﬂ ) " [ prp = 0. (2.62)
The first relation implies that liminf, . [[v""!|| = 0. Applying these relations to (2.46)), we have

=1
Z WHMTH —p'|? < oc.
r=1

This implies that for any given € > 0, ¢ > 0, there exists an index t sufficiently large such that

00
62

S o) < .
Vo, Bt 4096L|| BT B pr(1 + ¢)

(2.63)
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Applying this inequality and (2.61)) to (2.54]), we have that for large enough ¢ and for any 7" > ¢ the following

is true

T r+1 2
p THL G T THL _po (o b=l gty < Pl 2 < 2.64
Bre(e T 1) = P (2t 2t p0) < ; L v )+ 4096L|| BT B|| (264

Next we modify a classical argument in [I5][Proposition 3.5] to show that
lim [Jv" " — 0.
7—00

We already know from the first relation in (2.62) that liminf, . [[v" T} = 0. Suppose that |[v" 1| does not
converge to 0, then we must have limsup,_, . [|[v"*1|| > 0. Hence there exists an € > 0 such that [[v"T!|| < ¢/2
for infinitely many r, and |[v" "1 > € for infinitely many r. Then there exists an infinite subset of iteration

indices R such that for each r € R, there exits a t(r) such that

ol < e/2, Il > e,
€/2 < ||V <€, Vr<t<t(r).
Using the fact that lim _j- p" = p*, we have that for r large enough, the following is true for all ¢ > 0

1
(BT B)~H[[|AT Al

r r €

Without loss of generality we can assume that this relation holds for all » € R. Note that the following is true

t(r)—1
< IO = o] < o) — o7 = H(BTB>1 S (V) - F(at) + AT (i ) H

t=r

[\l e)

t(r)—1

< |(B"B) 1||( LIS Vf(wt)||+||ATAllllu“”M)

’ t(’f‘) 1 L
|(B7B) 1||( > ||vt+1||+||ATA|||/f<’“>—;f||)

ﬁt—l—l
N t(r)—l 1 c
<eL|(BTB)Y| > Gty (2.66)
t=r

where in the last inequality we have used (2.65)) and the fact that for all ¢ € (r + 1,¢(r)), we have ||v!] < e.
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This implies that

t(r)—1

3 ~ 1
—_ < —_— 2.67
SLI(BTB) 1] = 24 Bt (2.67)
Using the descent of the potential function (2.64) we have, for r € R and r large enough
P,Bt(r),c(xt(r)v xt(r)ila ,u't(T)) - Pﬁ"vc(xra xrila ,U'T)
t(r)—1 c
< _ t+1)12
= ; a1 Y Sosez BT
. t(r)—1
® 2 2
< (DX s+ o
4 — 483t+1 4096 L|| BT B]|
(ii) €2 €2
< - +
~ 2048L||BTB| = 4096L| BT B]|
2
< _ _ 2.68
~  4096L|| BT B|| (2.68)
where in (i) we have used the fact that for all » € R, [[o"t!|| > & for i = 1,--- ,t(r); in (ii) we have used

(2.67)). However we know that the potential function is convergent, i.e.,

lim Pﬁtm’c(xt(r),xt(r)_l,,ut(r)) — Pgr o(a", 2" u") =0

r—00

which contradicts to (4.108). Therefore we conclude that |[o" 1| — 0.
Finally, combining [[v"T!|| — 0 with the convergence of u" ™% — u” (cf. ([2.59)), we conclude that every

limit point of {a", u"} satisfies
Vi) +ATp* =0, Az*=0.
Therefore it is a stationary solution for problem (5.13). This completes the proof.

2.9.9 Proof of Convergence for Algorithm

To make the derivation compact, define the following matrix

MTJrl — VXf(XT+17 YrJrl)

= (X = 2) )T + 20X (X ) —an) )T + 20X (269)
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The proof consists of six steps.

Step 1. First we note that the optimality condition for the X-subproblem (2.30c|) is given by
ATQTJrl _ 7MT+1 o ﬂ<BTB, (XT+1 o XT)> (270)

By utilizing the fact that "1 — Q" lies in the column space of A, and the eigenvalues of ATA equal to
those of AT A, we have the following bound

2

Jrtt =@ < —— (IM7* = M7} + B2 BT BIXT - X7) = (X7 = X))}

min

Next let us analyze the first term in the rhs of the above inequality. The following identity holds true

IMTE — M

I
.MZ

[Tyt — 2) (T = (XTy — 2) ()T + 29X = X713

=1

=

< D AT = XTIy TP+ A X y] — Py - ]

l 7

©
I
—

+HAIXT (T =y Pl TP+ 1697 )1X - XTI

-

«
Il
-

<D AT APIXTT = XTIE + 407 i = P+ ATIX (T - w1 (2.71)

K2

where in the last inequality we have defined the constant ] as

07 = | X7yi — zll*. (2.72)

Therefore, combining the above two inequalities, we obtain

N
1 r r 8 r r T, r (T T
1@ =@ < 3 (72 + X = XTI+ 07— P+ X (6 = ) )
g Bo
min ;75
2ﬂ T r+1 r r r—1 2
+—IBTB[(X™ - X7) - (X" = X" ]l|r (2.73)

42



Step 2. Next let us analyze the descent of the augmented Lagrangian. First we have

Le(X", Y™, Q") — Lg(X", Y™, Q")

I
Mz

T‘7 T 1 T, T T
(Gt = sl ™) = S0 = = o)
1

1(

( T - ) 4 00 ) — o) - ST )

3

l\D\H

M=

1
7= al R + I =1 - ST - sl - ) )

7

Mz

i=1

Ot = w0 (- y:>)

N
s—z( X7 - D+ - y;"u?) (2.74)
1=1

where in the second to the last equality we have used the convexity of h;, and CTH € oh;(y TH) the last

inequality uses the optimality condition of the y-step (2.30b)). Similarly, we can show that

Le(X™ Ly Q) — Ly( X7, Y"1, Q") < —

2
e e U (275)

where we have utilized the fact that AT A + BT B = 2D = Iy . Therefore, combining the estimate (2.73)),

we obtain

L[g(XT+1,YT+17QT+1) — L (XT7YT7QT)

B+2y 8(r2+49?) +1 or 867 L )
s - - X[t - X7 = T )yt — gy
= ( 2 Bomin Z I I~ Z 2 Bown llv; Y ll

i=1

1 2
-(3-3 5)Z||X’” gl BB - X - (X - X (276)

min

Step 3. This step follows Lemma [3]in the analysis of Algorithm 1. In particular, after writing down the

optimality condition of the X" and X" step, we can obtain

<AT(QT'+1 _ QT‘)’X’I'J’-l _ X7>

S _<Mr+1 —MT—FIBBTB [(X?”Jrl _X'r‘) _ (X’l“ _erl)] 7XT+1 _Xr>.
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Then it is easy to show that the above inequality implies the following

g (<AXT‘+1’AX’I‘+1> + <BTB(XT+1 —XT)7XT+1 _Xr>>
<

g <<AX7‘7AXT> + <BTB(XT 7XT71),XT 7X7‘71>) o §<A(X’r’+1 o XT),A(XT+1 7Xr)>

M MXE XT) - BT - X - (X - X
Note the following fact

o <Mr+1 o M’I"X’F-‘rl o Xr>
= _<VXf(XT+17YT+1) - va(XraYT)aXrJrl - XT>

_ —<VXf(XT+1,YT+1) _ VXf(XT7YT+1) + va(eryr—Q—l) _ va(XT,YT),XT-i_l o X7>

< =22 Oy =P+ T IX T = wDIP) +
i=1

d s T
B e o (277)

where in (i) we utilize the convexity of f(X,Y) wrt X for any fixed y; in (ii) we use the Cauchy-Swartz

inequality, where d > 0 is a constant (to be determined later); (iii) is true due to a similar calculation as in
@71).

Overall we have

g (<Ax’l“+1’AX’r’+1> + <BTB(XT+1 _Xr)7Xr+1 _Xr>>
<P
-2

(AX",AX") + (BTB(X" — X"™), X" — X’”—1>) - g

<A(Xr+1 _ XT),A(XT+1 _ Xr)>

N
T T T T T T d (s I
2O = I X = IR + SIXTT - X
=1

N lE o~

IBI(X™ = X7) — (X" = X" ]lI#

(2.78)

Step 4. Let us define the potential function as

PB,C(—XT+17 XT7 YT+17 QT+1)

= Ly(XTH Yy ity 4 Cf (<AX’“+1, AX™Y 4 (BTB(X™H - X7), X" - X’”>) . (2.79)
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Then utilize the bounds ( and -7 we obtain

Ps o (XL X7 YL QM) - Py (X7, XL YT, QN

N

B+2y 8(r2+44?) «cd - -

(- S -
min i=1

N
0r 867 c; - - 1 T cT "y -
N e L Gt d)ZX H g

i=1
- (Cﬁ - WTB”) IBI(X™ = X7) = (X7 = X" ][5

2 Omin

Therefore the following are the condition that guarantees the descent of the potential function

2 2+ 442 d 1
B+ 7_8(T+7)_g>0’ 1.8 ¢y
2 ﬁamin 2 2 C"minﬁ d (2 80)
2 Uminﬁ d ’ 2 Omin

To see that it is always possible to find the tuple (8, ¢, d), first let us set ¢ such that the last inequality is

satisfied

4| BT B||
> .

Omin

(2.81)

Second, let us pick any d such that the following is true

d > max{2cr,2c}.

Then clearly it is possible to make g large enough such that all the four conditions in (2.80)) are satisfied.
Step 5. We need to prove that the potential function is lower bounded. We lower bound the augmented

Lagrangian as follows

LB(X’!‘-‘y-l’ 1/’[‘—’—17 QT‘-‘rl)

N
1
=2 (2 IX7 = 2l A X+ m@:*l)) O AXT) 4 DaxT AX)
; B
=2 ( X7y =zl X+ hz-(y:“)) 2 (AXTHL AXTH)
1 T
+ 55 (197 = @+ 197~ 1927) (2.82)

Then by the same argument leading to (2.39)), we conclude that as long as h; is lower bounded over its
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domain, then the potential function will be lower bounded.

Step 6. Combining the results in Step 5 and Step 4, we conclude the following

N N

ST = XIE =0, >y =2 =0 (2.83)
i=1 i=1

N

SoIXT T =P 0, [BTBIXTT - X — (X=X 0 (2s80)
i=1

Then utilizing (2.73)), we have
Q" — Q" — 0, or equivalently AX" T — 0.

That is, in the limit the network-wide consensus is achieved. Next we show that the primal and dual iterates
are bounded.

Note that the potential function is both lower and upper bounded. Combined with we must
have that the augmented Lagrangian is both upper and lower bounded. Using the expression , the
assumption that h;(y;) is lower bounded, and the fact that y; is bounded, we have that in the limit, the

following term is bounded

X7y — 2l + A X

DN | =

N
i=1

This implies that the primal variable sequence {X] ™'} are bounded for all 4. To show the boundedness of
the dual sequence, note that Q" € col(A) (due to the initialization that Q° = 0). Therefore using (2.70))

we have
omin(ATA)|QE <2|MTHE +28|BTB(XTT - X7

Note that from the expression of M in (2.69), we see that {M" "1} is bounded because both X" ™! and Y"1
are bounded. Similarly, the second term on the rhs of the above inequality is bounded because X" — X",
These two facts imply that {Q"'} is bounded as well.

Arguing the convergence to stationary point as well as the convergence rate follows exactly the same steps

as in the proof of Theorem
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Chapter 3

A Nonconvex Primal-Dual Splitting
Method for Distributed and

Stochastic Optimization

Abstract

We study a stochastic and distributed algorithm for nonconvex problems whose objective consists of a sum of
N nonconvex L;/N-smooth functions, plus a nonsmooth regularizer. The proposed NonconvEx primal-dual
SpliTTing (NESTT) algorithm splits the problem into N subproblems, and utilizes an augmented Lagrangian
based primal-dual scheme to solve it in a distributed and stochastic manner. With a special non-uniform
sampling, a version of NESTT achieves e-stationary solution using O((Zf\;l V/Li/N)?/e) gradient evaluations,
which can be up to O(N) times better than the (proximal) gradient descent methods. It also achieves Q-linear
convergence rate for nonconvex ¢; penalized quadratic problems with polyhedral constraints. Further, we
reveal a fundamental connection between primal-dual based methods and a few primal only methods such as

IAG/SAG/SAGA.
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3.1 Introduction

Consider the following nonconvex and nonsmooth constrained optimization problem

N
min  f(z) Z )+ 90(2) + p(2), (3.1)

where Z C R?; for each i € {0,--- ,N}, g; : R? — R is a smooth possibly nonconvex function which has
L;-Lipschitz continuous gradient; p(z) : R? — R is a lower semi-continuous convex but possibly nonsmooth
function. Define g(2) := % Zivzl gi(z) for notational simplicity.

Problem is quite general. It arises frequently in applications such as machine learning and signal
processing; see a recent survey [?]. In particular, each smooth functions {g;}, can represent: 1) a mini-batch
of loss functions modeling data fidelity, such as the ¢ loss, the logistic loss, etc; 2) nonconvex activation
functions for neural networks, such as the logit or the tanh functions; 3) nonconvex utility functions used in
signal processing and resource allocation, see [I8]. The smooth function gy can represent smooth nonconvex
regularizers such as the non-quadratic penalties [7], or the smooth part of the SCAD or MCP regularizers
(which is a concave function) [I35]. The convex function p can take the following form: 1) nonsmooth
convex regularizers such as ¢; and {5 functions; 2) an indicator function for convex and closed feasible set
Z, denoted as tz(-); 3) convex functions without global Lipschitz continuous gradient, such as p(z) = z* or
p(z) =1/z+ t2>0(2).

In this work we solve in a stochastic and distributed manner. We consider the setting in which
N distributed agents each having the knowledge of one smooth function {g;}¥,, and they are connected
to a cluster center which handles gy and p. At any given time, a randomly selected agent is activated and
performs computation to optimize its local objective. Such distributed computation model has been popular in
large-scale machine learning and signal processing [20]. Such model is also closely related to the (centralized)
stochastic finite-sum optimization problem [76] [30} [69] 109} [4] T16], in which each time the iterate is updated
based on the gradient information of a random component function. One of the key differences between these
two problem types is that in the distributed setting there can be disagreement between local copies of the
optimization variable z, while in the centralized setting only one copy of z is maintained.

Our Contributions. We propose a class of NonconvEx primal-dual SpliTTing (NESTT) algorithms for
problem . We split z € R? into local copies of z; € R%, while enforcing the equality constraints z; = z

for all . That is, we consider the following reformulation of (4.1)

N
min Z () +go(2) + h(z), st.z;=zi=1,--- N, (3.2)

z,2€RI
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where h(z) :=1z(2) + p(z),  := [z1;- -+ ;xn]. Our algorithm uses the Lagrangian relaxation of the equality
constraints, and at each iteration a (possibly non-uniformly) randomly selected primal variable is optimized,
followed by an approximate dual ascent step. Note that such splitting scheme has been popular in the convex
setting [20], but not so when the problem becomes nonconvex.

The NESTT is one of the first stochastic algorithms for distributed nonconvex nonsmooth optimization,
with provable and nontrivial convergence rates. Our main contribution is given below. First, in terms of some
primal and dual optimality gaps, NESTT converges sublinearly to a point belongs to stationary solution
set of . Second, NESTT converges Q-linearly for certain nonconvex ¢; penalized quadratic problems.
To the best of our knowledge, this is the first time that linear convergence is established for stochastic
and distributed optimization of such type of problems. Third, we show that a gradient-based NESTT
with non-uniform sampling achieves an e-stationary solution of using O((Zi\il V/Li/N)?/e) gradient
evaluations. Compared with the classical gradient descent, which in the worst case requires O(Zij\il L;/e)
gradient evaluation to achieve e-stationarity, our obtained rate can be up to O(N) times better in the case
where the L;’s are not equal.

Our work also reveals a fundamental connection between primal-dual based algorithms and the primal
only average-gradient based algorithm such as SAGA /SAG/TAG [30, 116} 19]. With the key observation that
the dual variables in NESTT serve as the “memory” of the past gradients, one can specialize NESTT to
SAGA/SAG/TAG. Therefore, NESTT naturally generalizes these algorithms to the nonconvex nonsmooth
setting. It is our hope that by bridging the primal-dual splitting algorithms and primal-only algorithms (in
both the convex and nonconvex setting), there can be significant further research developments benefiting
both algorithm classes.

Related Work. Many stochastic algorithms have been designed for when it is convex. In these
algorithms the component functions g;’s are randomly sampled and optimized. Popular algorithms include
the SAG/SAGA [30, [1T6], the SDCA [118], the SVRG [69], the RPDG [76] and so on. When the problem
becomes nonconvex, the well-known incremental based algorithm can be used [126] [13], but these methods
generally lack convergence rate guarantees. The SGD based method has been studied in [43], with O(1/€?)
convergence rate. Recent works [4] and [I09] develop algorithms based on SVRG and SAGA for a special
case of where the entire problem is smooth and unconstrained. To the best of our knowledge there has
been no stochastic algorithms with provable, and non-trivial, convergence rate guarantees for solving problem
. On the other hand, distributed stochastic algorithms for solving problem in the nonconvex setting
has been proposed in [62], in which each time a randomly picked subset of agents update their local variables.
However there has been no convergence rate analysis for such distributed stochastic scheme. There has

been some recent distributed algorithms designed for (4.1)) [89], but again without global convergence rate
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guarantee.

Preliminaries. The augmented Lagrangian function for problem (4.1)) is given by:

al 1 i 9
L(z,z;\) = Z (Ngi(xi) + Ny — 2) + 5”1‘1 — 2| ) + g0(2) + h(2), (3.3)

=1

where X := {\;}}¥, is the set of dual variables, and 1 := {n; > 0}, are penalty parameters.

We make the following assumptions about problem (4.1)) and the function (3.3)).

A-(a) The function f(z) is bounded from below over Z Nint(dom f): f := min,cz f(z) > —o0. p(z) is a

convex lower semi-continuous function; Z is a closed convex set.

A-(b) The g;’s and g have Lipschitz continuous gradients, i.e.,
IVg(y) = Vg(2) < Llly — 2[,and  [[Vgi(y) — Vgi(2)|| < Lilly — =, V y, 2

Clearly L < 1/N ZZ\LI L;, and the equality can be achieved in the worst case. For simplicity of analysis

we will further assume that Ly < % Ef\il L;.
A-(c) Each n; in (3.3)) satisfies n; > L;/N; if go is nonconvex, then Zi\il n; > 3Lo.

Assumption A-(c) implies that L (z, z; \) is strongly convex w.r.t. each x; and z, with modulus ~; :=n; — L;/N
and v, = Zfil n; — Lo, respectively [147, Theorem 2.1].
We then define the proz-gradient (pGRAD) for (4.1]), which will serve as a measure of stationarity. It can

be checked that the pGRAD vanishes at the set of stationary solutions of (4.1f) [I0g].

Definition 1 The prozimal gradient of problem (4.1)) is given by (for any v > 0)

Vi (2) =7 (z —proz),, [z —1/7V(g9(2) + g0(2))]) , with prox),, [u] := argmin p(u) + 1||z — ul|?.

uezZ 2

3.2 The NESTT-G Algorithm

Algorithm Description. We present a primal-dual splitting scheme for the reformulated problem ((3.2)).
The algorithm is referred to as the NESTT with Gradient step (NESTT-G) since each agent only requires to
know the gradient of each component function. To proceed, let us define the following function (for some

constants {a; > 0} ,):

1 1 ;14
Vilmi, 23 M) = Ngl(z) + N(Vgi(z),xi —2)+ N\, — 2) + 5 [lz; — 2H2
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Algorithm 3 NESTT-G Algorithm

1: forr=1to R do
2: Pick i, € {1,2,---, N} with probability p; and update (x,\)

r+1
Qe

X=X g, (2 - 2T

ir

r+1 _ 7 r+1 _ _r . .
)\j —)\j, =2, YV j # i

Update z: 2t = arg mig L({z Ty, 2 7).
z€E

: royT .
T = arg I;lln ‘/ir ('Tir: Z Azr) )
ir

/\
w
=

—~

—
~N O Ut
- = 2

—~

3: end for
4: OQutput: (z™, 2™, \™) where m randomly picked from {1,2,--- | R}.

Note that V;(-) is related to L(-) in the following way: it is a quadratic approximation (approximated at the
point z) of L(x,y; \) w.r.t. z;. The parameters o := {a;}}¥, give some freedom to the algorithm design, and
they are critical in improving convergence rates as well as in establishing connection between NESTT-G with
a few primal only stochastic optimization schemes.

The algorithm proceeds as follows. Before each iteration begins the cluster center broadcasts z to everyone.
At iteration r 4+ 1 a randomly selected agent i, € {1,2,--- N} is picked, who minimizes V; (-) w.r.t. its local
variable x;,, followed by a dual ascent step for A; . The rest of the agents update their local variables by
simply setting them to z. The cluster center then minimizes L(z, z; \) with respect to z. See Algorithm 1 for
details. We remark that NESTT-G is related to the popular ADMM method for convezx optimization [20].
However our particular update schedule (randomly picking (x;, A;) plus deterministic updating z), combined
with the special z-step (minimizing an approximation of L(-) evaluated at a different block variable z) is not
known before. These features are critical in our following rate analysis.

Convergence Analysis. To proceed, let us define r(j) as the last iteration in which the jth block is
picked before iteration r +1. i.e. r(j) := max{t |t <7 +1,j =i(t)}. Define yj := 270) if j # i, and yr =2".
Define the filtration F” as the o-field generated by {i(t)}/_{.

A few important observations are in order. Combining the (z, z) updates (3.4) — (3.7), we have

1 1 1

r+1 _ _r T r T r r+1 Ty __ . =
g =2 — e (Ag + Nng(z ), Nng(z )+ NG Fagng(xg™ = 2") =0, with ¢ =i, (3.8a)
1 1 . 1
r+1 _ _ © ) r r+1 r(d) . . r+1 & (0T .
/\7,',. - NVQZT(Z )7 /\j - Nv.gj(z / )a Vj 7é lpy, = )‘i - Nv.gl(yi)a Vi (38b)
B8 , G3H) 1 1 ; .,
x?“ B - 83 - P (A} + Nng(zT(]))), V j # iy (3.8¢)
315

The key here is that the dual variables serve as the “memory” for the past gradients of g;’s. To proceed, we
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first construct a potential function using an upper bound of L(x,y; A). Note that

S5 + O =)+ B = L), VA
S @) a2 e

2 g+ et LN prr e

D G B N (T ) - Vi ()P

(3.10)

where (i) uses (3.8b)) and applies the descent lemma on the function 1/Ng;(+); in (ii) we have used (3.5)) and

(3.8b)). Since each i is picked with probability p;, we have

E;, [L(z" 1, 2"\ | F7

N N
S TIESEDS anmv%(yzl) Vg2 + go(z) + h(=")
a 1 r al 3pz7h r—1 r 2 r r T
=, il )+Z (Oéini)2H1/N(Vgi(yi ) = Vagi(z")II" + go(z") + h(z") == Q",

where in the last inequality we have used Assumption [A-(c)]. In the following, we will use Ex[Q"] as the

potential function, and show that it decreases at each iteration.

Lemma 6 Suppose Assumption A holds, and pick

1 9L;

a; = p; = pn;, where f:= —5 , and ;> i=1,---N.

- bl
Zi:l Up Npi

Then the following descent estimate holds true for NESTT-G

S AN
EQ —Q 'F < —%Eﬂﬂzr 2P =) = (Vai(z ) = V(w21

E

i=1

Sublinear Convergence. Define the optimality gap as the following:

BIG"] = E [I91/s/ OIF] = 5E [ = proxs/ (" = 59(6(") + gn(="D]IP]

Note that when h, go = 0, E[G"] reduces to E[||Vg(z")||?]. We have the following result.
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Theorem 4 Suppose Assumption A holds, and pick (fori=1,--- /N)

(3.14)

o =p = ——— L/N —3< v L; N)VLN !
TSN VLN 2 VE N = S LNy

Then every limit point generated by NESTT-G is a stationary solution of problem (3.2). Further,

y or) < 3 (3 V) B

2) E[G™] +E

237%2 Hx;n _ Zm—1H2

i=1

N 2 1 _ nHR+1
§30<Z\/T> w_

i=1

Note that Part (1) is useful in the centralized finite-sum minimization setting, as it shows the sublinear
convergence of NESTT-G, measured only by the primal optimality gap evaluated at z". Meanwhile, part (2)
is useful in the distributed setting, as it also shows that the expected constraint violation, which measures
the consensus among agents, shrinks in the same order. We also comment that the abovegresult suggests
that to achieve an e-stationary solution, the NESTT-G requires about O (Zf\il VLi/N ) /€ | number of
gradient evaluations (for simplicity we have ignored an additive N factor for evaluating the gradient of the
entire function at the initial step of the algorithm).

It is interesting to observe that our choice of p; is proportional to the square root of the Lipschitz constant
of each component function, rather than to L;. Because of such choice of the sampling probability, the derived
convergence rate has a mild dependency on N and L;’s. Compared with the conventional gradient-based
methods, our scaling can be up to N times better. Detailed discussion and comparison will be given in
Section [3.4

Note that similar sublinear convergence rates can be obtained for the case a;; = 1 for all ¢ (with different
scaling constants). However due to space limitation, we will not present those results here.

Linear Convergence. In this section we show that the NESTT-G is capable of linear convergence for a
family of nonconvex quadratic problems, which has important applications, for example in high-dimensional

statistical learning [88]. To proceed, we will assume the following.

B-(a) Each function g;(2) is a quadratic function of the form g;(z) = 1/2z7A;z + (b, 2), where A; is a

symmetric matrix but not necessarily positive semidefinite;
B-(b) The feasible set Z is a closed compact polyhedral set;
B-(c¢) The nonsmooth function p(z) = pl/z||1, for some p > 0.

Our linear convergence result is based upon certain error bound condition around the stationary solutions set,
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Algorithm 4 NESTT-E Algorithm

1: forr=1to R do
2: Update z by minimizing the augmented Lagrangian:

2T = argmin L(z", z; \"). (3.15)

3: Randomly pick i, € {1,2,--- N} with probability p; :

it = argmin U;, (w;,, 2" A]); (3.16)

N =N e, (2 -2 (3.17)

i =gl NP =XV £ (3.18)
4: end for

5: Output: (2™, 2™, \™) where m randomly picked from {1,2,---, R}.

which has been shown in [92] for smooth quadratic problems and has been extended to including ¢; penalty
in [I30, Theorem 4]. Due to space limitation the statement of the condition will be given in the supplemental

material, along with the proof of the following result.

Theorem 5 Suppose that Assumptions A, B are satisfied. Then the sequence {E[Q" T}, converges Q-
lz’nearlylﬂ to some Q* = f(z*), where z* is a stationary solution for problem (4.1)). That is, there exists a
finite ¥ > 0, p € (0,1) such that for all r > 7, E[Q"" — Q*]< pE[Q" — Q*].

Linear convergence of this type for problems satisfying Assumption B has been shown for (deterministic)
proximal gradient based methods [I30, Theorem 2, 3]. To the best of our knowledge, this is the first result

that shows the same linear convergence for a stochastic and distributed algorithm.

3.3 The NESTT-E Algorithm

Algorithm Description. In this section, we present a variant of NESTT-G, which is named NESTT with
Exact minimization (NESTT-E). Our motivation is the following. First, in NESTT-G every agent should
update its local variable at every iteration [cf. or ] In practice this may not be possible, for
example at any given time a few agents can be in the sleeping mode so they cannot perform . Second,
in the distributed setting it has been generally observed (e.g., see [23, Section V]) that performing exact
minimization (whenever possible) instead of taking the gradient steps for local problems can significantly
speed up the algorithm. The NESTT-E algorithm to be presented in this section is designed to address these

issues. To proceed, let us define a new function as follows:

LA sequence {z"} is said to converge Q-linearly to some z if limsup, ||z"t1 — Z||/||z" — Z|| < p, where p € (0,1) is some
constant; cf [I30] and references therein.
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1 ;1
Uz, 2:A) =Y Us(@i, 5 M) = Y (Ngi(xi) + (X2 — 2) + 277 i — Z||2> :

=1 i=1

Note that if a; = 1 for all 4, then the L(z, z; A) = U(z, z; A) +p(2) + h(2). The algorithm details are presented
in Algorithm 2.

Convergence Analysis. We begin analyzing NESTT-E. The proof technique is quite different from
that for NESTT-G, and it is based upon using the expected value of the Augmented Lagrangian function as

the potential function; see [62, (5, [53]. For the ease of description we define the following quantities:

1 L? v 1l—o; L
= A = = R L= = {a; VY.
v lnsA) o Zij\il i ¢ amN? 2 * a; N o= {aihiny

To measure the optimality of NESTT-E, define the proz-gradient of L(x,z; \) as:

VL(w) = [(z = prox,[z — V.(L(w) — h(2))]); Va, L(w); - -+ ; Var L(w) | € RAFDL, (3.19)

We define the optimality gap by adding to ||V L(w)||? the size of the constraint violation [62]:

L2
N2

e} — 2"

N
H(w") := | VL(w")|* + Z

It can be verified that H(w") — 0 implies that w” reaches a stationary solution for problem (3.2)). We have

the following theorem regarding the convergence properties of NESTT-E.

Theorem 6 Suppose Assumption A holds, and that (n;, ;) are chosen such that ¢; < 0 . Then for some
constant f, we have

E[L(w")] > E[L(w™™)] > f > —oc0, Vr>0.

Further, almost surely every limit point of {w"} is a stationary solution of problem (3.2). Finally, for some
function of a denoted as C(a) = o1(a)/oa(a), we have the following:

C(e)E[L(w") — L(w)]

E[H(w™)] < - 7

(3.20)
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where o1 := max(d1(a),d1) and oo := max(d2(a),d2), and these constants are given by

5 L | o 1 ? L2 L} L?
Ul(a)_m?X{Zl(NQ—’_nl—,_(al_l) N2 +3<W+N2> )

N N N L2
&1 :Z4n§+(2+zm+Lo)2+3zNg,
=1 =1 =1

i L? 1—o05 Ly Nomi—L
62(Oz)=ma><{pi(7 — a)} 52:M,

5 B NQOZZ"I]Z' Q; N 2

We remark that the above result shows the sublinear convergence of NESTT-E to the set of stationary

solutions. Note that v; = n; — L; /N, to satisfy ¢; < 0, a simple derivation yields

L; ((2 — ;) + /(s — 22 + sa,-)
2Na; '

ni >

Further, the above result characterizes the dependency of the rates on various parameters of the algorithm.

For example, to see the effect of a on the convergence rate, let us set p; = and 7; = 3L; /N, and

L;
ZzN:l L’
assume Ly = 0, then consider two different choices of a: @; =1, Vi and a; = 4, V i. One can easily check

that applying these different choices leads to following results:

N N
C(@) =49> Li/N, C(a)=28) Li/N.

The key observation is that increasing «;’s reduces the constant in front of the rate. Hence, we expect that

in practice larger a;’s will yield faster convergence.

3.4 Connections and Comparisons with Existing Works

In this section we compare NESTT-G/E with a few existing algorithms in the literature. First, we present a
somewhat surprising observation, that NESTT-G takes the same form as some well-known algorithms for
conver finite-sum problems. To formally state such relation, we show in the following result that NESTT-G

in fact admits a compact primal-only characterization.

Proposition 1 The NESTT-G can be written into the following compact form:

1
2" = argmin h(z) + go(2) + ﬁﬂz — a2 (3.21a)
1 1
. r+1 . _ r . ry . '(‘71 - . ?"71
with "= 2 ﬂ(N% (V9. (") = Vgi, (7)) + Zf Vil ) (3.21b)
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Based on this observation, the following comments are in order.

(1) Suppose h =0, go =0 and o; = 1, p; = 1/N for all i. Then (3.21) takes the same form as the SAG
presented in [116]. Further, when the component functions g;’s are picked cyclically in a Gauss-Seidel

manner, the iteration (3.21) takes the same form as the IAG algorithm [19].

(2) Suppose h # 0 and go # 0, and «; = p; = 1/N for all . Then (3.21)) is the same as the SAGA algorithm

[30], which is design for optimizing convex nonsmooth finite sum problems.

Note that SAG/SAGA/TAG are all designed for convex problems. Through the lens of primal-dual splitting,
our work shows that they can be generalized to nonconvex nonsmooth problems as well.

Secondly, NESTT-E is related to the proximal version of the nonconvex ADMM [64, Algorithm 2].
However, the introduction of «;’s is new, which can significantly improve the practical performance but
complicates the analysis. Further, there has been no counterpart of the sublinear and linear convergence rate
analysis for the stochastic version of [64, Algorithm 2].

Thirdly, we note that a recent paper [109] has shown that SAGA works for smooth and unconstrained
nonconvex problem. Suppose that h =0, go # 0, L; = L;, V i,j and o; = p; = 1/N, the authors show
that SAGA achieves e-stationarity using O(N?/3 (Zf\il L;/N)/e) gradient evaluations. Compared with GD,
which achieves e-stationarity using O(Zg\il L;/¢€) gradient evaluations in the worse case (in the sense that
Ziil L;/N = L), the rate in [109] is O(N'/3) times better. However, the algorithm in [I09] is different
from NESTT-G in two aspects: 1) it does not generalize to the nonsmooth constrained problem (4.1); 2)
it samples two component functions at each iteration, while NESTT-G only samples once. Further, the
analysis and the scaling are derived for the case of uniform L;’s, therefore it is not clear how the algorithm
and the rates can be adapted for the non-uniform case. On the other hand, our NESTT works for the general
nonsmooth constrained setting. The non-uniform sampling used in NESTT-G is well-suited for problems with
non-uniform L;’s, and our scaling can be up to N times better than GD (or its proximal version) in the worst
case. Note that problems with non-uniform L;’s for the component functions are common in applications
such as sparse optimization and signal processing. For example in LASSO problem the data matrix is often
normalized by feature (or “column-normalized” [I01]), therefore the ¢5 norm of each row of the data matrix
(which corresponds to the Lipschitz constant for each component function) can be dramatically different.

In Table we list the comparison of the number of gradient evaluations for NESTT-G and GD, in the
worst case (in the sense that EZ\LI L;/N = L). For simplicity, we omitted an additive constant of O(N) for

computing the initial gradients.
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Table 3.1: Comparison of # of gradient evaluations for NESTT-G and GD in the worst case

NESTT-G GD
# of Gradient Evaluations o ((Zfil \/LZ‘/N)2/€> o (Zfil Li/e)
CaseI: L; =1, Vi O(N/e) O(N/e)
Case IT : O(V/'N) terms with L; = N 3/2
the rest with L; =1 O(N/e) O(N*/e)
: : — 2
Case III : O(1) terms with L; = N O(N/e) O(N?/e)

the rest with L; =1

3.5 Numerical Results

In this section we evaluate the performance of NESTT. Consider the high dimensional regression problem with
noisy observation [88], where M observations are generated by y = Xv +e. Here y € RM is the observed data
sample; X € RM*P is the covariate matrix; v € RF is the ground truth, and ¢ € RM is the noise. Suppose

RMXP ig the noise

that the covariate matrix is not perfectly known, i.e., we observe A = X + W where W €
matrix with known covariance matrix Sy . Let us define I := 1/M(AT A) — Sy, and 4 := 1/M(ATy). To
estimate the ground truth v, let us consider the following (nonconvex) optimization problem posed in [88]

problem (2.4)] (where R > 0 controls sparsity):
min z' Iz -4z st ||z]1 <R (3.22)

Due to the existence of noise, I" is not positive semidefinite hence the problem is not convex. Note that this
problem satisfies Assumption A— B, then by Theorem [5| NESTT-G converges Q-linearly.

To test the performance of the proposed algorithm, we generate the problem following similar setups
as [88]. Let X = (Xy;---, Xn) € RM*P with > ;Ni =M and each X; € RYMi*P corresponds to N; data
points, and it is generated from i.i.d Gaussian. Here N; represents the size of each mini-batch of samples.
Generate the observations y; = X; x v* +¢; € RYi| where v* is a K-sparse vector to be estimated, and
¢; € RN is the random noise. Let W = [Wy;--- ; Wy], with W; € RN:*F generated with i.i.d Gaussian.
Therefore we have 2z = %Zil %ZT (X;'—Xi - WiTWi) z. We set M = 100,000, P = 5000, N = 50,
K =22~ +/P,and R = ||v*|;. We implement NESTT-G/E, the SGD, and the nonconvex SAGA proposed

in [I09] with stepsize 8 = with Lpax := max; L;). Note that the SAGA proposed in [I09] only

works for the unconstrained problems with uniform L;, therefore when applied to it is mot guaranteed
to converge. Here we only include it for comparison purposes.
In Fig. we compare different algorithms in terms of the gap ||@1/5f(zr)||2. In the left figure we

consider the problem with IN; = Nj for all 4, j, and we show performance of the proposed algorithms with

uniform sampling (i.e., the probability of picking ith block is p; = 1/N). On the right one we consider problems
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Figure 3.1: Comparison of NESTT-G/E, SAGA, SGD on problem ([3.22))

Table 3.2: Optimality gap ||V, /5f(z")||? for different algorithms, with 100 passes of the datasets.

SGD NESTT-E (a =10) NESTT-G SAGA
N  Uniform Non-Uni Uniform  Non-Uni  Uniform Non-Uni Uniform Non-Uni
10 3.4054 0.2265 2.6E-16 6.16E-19 2.3E-21 6.1E-24 2.7E-17 2.8022

20 0.6370 6.9087 2.4E-9 5.9E-9 1.2E-10 29E-11  7.7E-7 11.3435
30 0.2260 0.1639 3.2E-6 2.7E-6 4.5E-7 1.4E-7 2.5E-5 0.1253
40 0.0574 0.3193 5.8E-4 8.1E-5 1.8E-5 3.1E-5 4.1E-5 0.7385
50 0.0154 0.0409 8.3E.-4  T7.1EA 1.2E-4 2.7E-4 2.5E-4 3.3187

in which approximately half of the component functions have twice the size of L;’s as the rest, and consider
the non-uniform sampling (p; = \/IT/N / ZZI\LI \/m ). Clearly in both cases the proposed algorithms
perform quite well. Furthermore, it is clear that the NESTT-E performs well with large o := {;}¥.;, which
confirms our theoretical rate analysis. Also it is worth mentioning that when the N;’s are non-uniform, the
proposed algorithms [NESTT-G and NESTT-E (with o = 10)] significantly outperform SAGA and SGD. In
Table we further compare different algorithms when changing the number of component functions (i.e.,
the number of mini-batches N) while the rest of the setup is as above. We run each algorithm with 100
passes over the dataset. Similarly as before, our algorithms perform well, while SAGA seems to be sensitive
to the uniformity of the size of the mini-batch [note that there is no convergence guarantee for SAGA applied

to the nonconvex constrained problem (3.22))].
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3.6 Appendix

3.6.1 Some Key Properties of NESTT-G

To facilitate the following derivation, in this section we collect some key properties of NESTT-G.

First, from the optimality condition of the x update we have

1 1
it =2 — p— (A; + Vgir(zr)) , (3.23a)
T (3.8b) T T : :
AR I OV vgj( GN)), ¥ j # iy (3.23b)
207

Then using the update scheme of the A we can further obtain

1

)\::rl = —Nv.gir(zr)7 (3.24&)
1 )

A = —Nvgj(zrm), Y j # . (3.24b)

Therefore, using the definition of y; we have the following compact forms

1 AT
)\;4+1 :_nfvgl(y:)7 1= 17 s 4V (325)
1 1
rpth =2 - i ()‘2 + Nvgi(yir)> yi=1,---,N. (3.26)

Second, let us look at the optimality condition for the z update. The z-update (3.7)) is given by

2 =argmin L({z]T'},2;\")
z

N

A 7‘+1 @ 7_‘+1 _ 2
= arg min Z( fartt =2+ Telt! -2 )+go(z)+h<z). (3.27)

Note that this problem is strongly convex because we have assumed that )., n; > 3Lo; cf. Assumption

[A-(c)].
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Let us define

N 41 N
S - D1 T - +2im A
Di1 i
N
_ D imy M — i, (27— mzrjl) i Zzlil Ap
= N N
D im1 i Dz M

€z YLy Mz — g2 (N 4+ 1/NVg;, (")) . SN AT

i 1=1
Zz 1 771 Zfil 771
ED0) , o (Ve 0 )+ Ve, ) N Vi
N Zi:l T N va 1M
@ ro_ ﬁ _ . r—1 . r BZz 1v91( . 1)
=z Nai, (=Vagi, (yiT )+ Vg, (2") — N

(i)
V=" — ot

where in (i) we have defined 3 :=1/ Ef\il 75 in (il) we have defined

s
=1 T

Clearly if we pick «; = p; for all 4, then we have

Eir[ r+1 |]:7 _ T

Z\R

S

Using the definition of »"*+1, it is easy to check that

.1 . r r
2" = arg min %Hz —u" 2+ h(2) 4+ go(2) = proxi/ﬁ[u 1 BVge(z" ).

The optimality condition for the z subproblem is given by:

ZT'-‘rl _ ur—i—l + ﬁvgo(zr—i-l) =+ ﬁgr—i—l =0

where, £"t1 € Oh(2"T1) is a subgradient of h(2"1). Using the definition of v;_ in (5.107), we obtain

2 =2 = B + Vo () + 67,
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(3.29)
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(3.31)
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Third, if a; = p;, then we have:

N, 1NV, () Lo L gy
E;, H— o +N;v9i(z )_;Nv.gi(y; )
(a) { AL, +1/NV9¢,‘(ZT)]
= Var |—
O[Z'T
O 1|1 1 ?
< — || =Vgi(z") — =Vg(y , 3.35
_;ai n Voi(z") = 5 Vailyi ) (3.35)
where (a) is true because whenever «; = p; for all ¢, then
AT 4+ 1/NVg; (27) 1 N .
E' - tr ! = — . LA JE— . T .
LT EOMTCEED DA ATt
The inequality in (b) is true because for a random variable 2 we have Var(z) < E[22].
3.6.2 Proof of Lemma
Step 1). Using the definition of potential function Q", we have:
BIQ" @ | F]
alg}
=E lz 7 (9:(z7) = g:(z") +90(27) = go(z") + h(z") = h(z"T1) | fr_l]
i=1
N 2 2
3p; || 1 1 . 3p; || 1 1 . .
E ~Vgi(z") — =Vaiy; - ~Vgi(z") — = Vaily; . .
+ ; o2y | W VEE) = Ve )| - G | Ve - Vet ) 1 F (3.36)
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Step 2). The first term in ((5.116)) can be bounded as follows (omitting the subscript F").

. N
® 1 r— 1 r r—1 r—1 r r—1
<E {NZ Vgi(z" ), 2" —2"7) +(Vgo(z" ), 2" —2"7)

vazl Li/N + Lo
2

ECI e dra

g
ZN Li/N +3Lg
i=1 EZTHZT _ Zr—1||2

N
1
ngi(zrfl) +£r JrVgo(zT) + 7(21‘ _ erl)’zr o Zr1> ‘ ]:7‘1‘|

1
8 2
3 34)) N
r—1 T T r—1 r—1
El<NZVgi(z )_Ui(r71)7z —z > | F ]

L/N+3L0 .
)]EZTHZ —z 1||2

(ii ol ’
l/N E v-g’b " 1) - vz(r 1)
i=1

i l
S 1

|]_‘T—1 + EZTH ro_ zr—lHQ

o
©

L;/N + 3L
Zz 1 / + 0) ]EZTHZT _ Zr71||2 (337)

where in (i) we have used the Lipschitz continuity of the gradients of g;’s as well as the convexity of h; in (ii)

we have used the fact that
(Vgo(zT_l), z" - ZT_1> < (Vgo(z"), 2" — zr_1> + Lollz" — zr_1||2; (3.38)

in (iii) we have applied the Young’s inequality for some ¢; > 0.

Choosing ¢1 = 2/3, we have:

ngz " 1 _vz(r 1)

2@1
r—1 — 1 N 9
m - Ai(rflﬁl/Nvgi(,ﬂ_l)(z o .
ngz Qi(r—1) g N Vyi yl
(13.35)) ) 2
< _ r—1y _ +
- “ N (") ng( )
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Overall we have the following bound for the first term in ((5.116]):

N
. [Z}V (5:2") = i(=""1) + 90(z") = go(=" 1) + A(=") — (") | f“] (339)
=1
N 2 N )
<3 2 Ve - Va7 - (435 - 2 B 3L0> Bl = Y2
i=1 "

Step 3). We bound the second term in (5.116) in the following way:

E[[IVgi(z") = Vai(y; HI* | 7771

=E[[Vgi(z") = Vgily; ) + Vgi(z" ™) = V(" H|I* | F1]

()
S (1 + é-z) zT

_ 1 _ —
Vi) = Vol (L4 g ) B 90 = VP

) Zrnv%(z’“)—v%(zr1>||2+<1—p¢>( &) IVgi(y;~2) = Vagi(="1))? (3.40)

where in (i) we have used the fact that the randomness of z"~! comes from i,_s, so fixing F"~1, 2"~1 is

deterministic; we have also applied the following inequality:

1)b2 V&> 0.

(a+b)2§(1+f)a2+(1+§

The equality (ii) is true because the randomness of y; ~! comes from i,_1, and for each i there is a

probability p; such that z] is updated, so that Vgi(yir_l) = Vgi(2"71), otherwise x; is not updated so that
Vailyi ™Y = Vaily; 7).
Step 4). Applying (3.40) and set a; = p;, the second part of (5.116) can be bounded as

N 3ps |1 1 2 3p 11 2
7 - (ST . '(‘71 _ 7 L =1 4 r— 2 1
E ;afni Nng(Z) Nvgz(yz ) %-2771' NVgl(z ) ng( ) |f ‘|
N
3L2 r r—1)2
<2 G (L8 Berlls =7
1 2
1=p)(1 z”—fz” 41
T am (( Pt g) - )HNVQ ) — =Vgi(z" ) (3.41)
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Combining ((5.117)) and ([5.120)) eventually we have

E[Q - Q| F]

<2 2 (0w b1} bvae - vaw

2

i=1

N
3 N Li/N+3L 3L2 s
= Lo (14+&) pErllzm — 27 . 42
+{ 7 ; + 2 s L+ (Bl =57 (3.42)

- B 3 1
N 1—p)(1+=)—1
¢ Oéi+04mz' (X =rpi) +f¢)
N N
3 zi:lLi/N+3LOJFZ 312

C = —_— ]. 1) .
‘=Tt 2 “ i N (1+8&)
In order to prove the lemma it is enough to show that ¢; < — V i, and ¢ < — ZN m . Let us pick
2 i
a;=pi, & =—,Di=—x - (3.43)
Di Zi:1 i

Recall that g = Z -.These values yield the following

1 3 i + 1 1 3 1
SR TN
"N 2 o 2n; 2n;

To show that ¢ < — vazl L let us assume that 7; = d;L; for some d; > 0. Note that by assumption we have

N
Z 7; > 3Lo.
i—1

Therefore we have the following expression for ¢:

N
1 L 3L L, 4 9
N i il 4 9 )
;4 TN T e ( )<Zd 1% TN T e

i=1 ¢

As a result, to have ¢ < — El 1 &, we need

Lif1, d 9 d;L;
o - e - e | > =, VL 44
d; (4 " T2N p§N2> =5 (344)
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Or equivalently

1 d; 9

—dP - L - >0, Vi 3.45
8" 2N pIN2 < ! (3.45)
By finding the root of the above quadratic inequality, we need d; > Nip, which is equivalent to choosing the

following parameters
9L;

i . 3.46

U (3.46)
The lemma is proved. Q.E.D.

3.6.3 Proof of Theorem /4]

First, using the fact that f(z) is lower bounded [cf. Assumption A-(a)], it is easy to verify that {Q"} is a
bounded sequence. Denote its lower bound to be Q. From Lemma@ it is clear that {Q" — Q} is a nonnegative
supermartingale. Apply the Supermartigale Convergence Theorem [I5, Proposition 4.2] we conclude that
{Q"} converges almost surely (a.s.), and that

Vg (2" = Vai(y )| = 0, Eurll2" =271 =0, as, Vi (3.47)

7

The first inequality implies that || A} 7)\;—1 | = 0. Combining this with equation (3.5) yields ||z} —z""'[] — 0,

which further implies that [|2" — 2"~|| — 0. By utilizing (3.8b)) — (3.8d)), we can conclude that
of — a7 =0, [N =AY =0, as, Vi (3.48)

That is, almost surely the successive differences of all the primal and dual variables go to zero. Then it is
easy to show that every limit point of the sequence (z", 2", \") converge to a stationary solution of problem

(3-2) (for example, see the argument in [64] Theorem 2.1]. Here we omit the full proof.
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Part 1). We bound the gap in the following way (where the expectation is taking over the nature history

of the algorithm):

E[ll2" = prox;/*[=" = 8V (9(=") + go(=")] |
WE [Jl27 - 2+ proxy/ [u ! — BVgo(=" )] - proxy/ [z = BV(9(=") + go(= ]I

()
< BE|l2" — 2P + BE[Ju"T — 2" + BVg(2") || + BLEA% | — 2T

< EEHZ r+1||2 + 3521@ IVg(z") — )\Z‘ + 1/5Vgir(zT) B f: 1/NVgi(y:71)||2]
tr i=1
l' EEHZT . Zr+1||2 + 362 i\f: iE Hlvgi<zr) _ ivgi(yrfl) 2
3 —~ N N v
< Dpjer 2 +3Z ‘ Voi(+") — = Vailyl ™) 2 (3.49)
3 N N

where (a) is due to (3.32); (b) is true due to the nonexpansivness of the prox operator, and the Cauchy-Swartz
inequality; in (¢) we have used the definition of w in (5.108) and the fact that 3Ly < Zf\;1 N = % [cf.

Assumption A-(c)]. In the last inequality we have applied (3.43)), which implies that

ﬁ 1 1

= =, (3.50)
(673 Di Z;\le 7 i
Note that 7;’s has to satisfy (3.46)). Let us follow (3.11)) and choose
_ 9L, 9 Z;V:1 15 I
i = DN = N7 i
We have
N
9L; /sz =VOLi/N|> (3.51)
j=1

Summing ¢ from 1 to N we have

N

Z i = Z VILi/N (3.52)
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Then we conclude that

% S - (ZW) (3.53)

=1

So plugging the expression of 5 into (3.50) and (3.51)), we conclude

e YIIN L STNSS oL N
al—pl—zilm, 771_\/9L1/Nj; 9L;/N. (3.54)

After plugging in the above inequity into ([3.13]), we obtain:

B9 10 N 1 2
E T 7'+1 2 r—1 .
177 gl — 3 g V) - ) (3.55)
80 _ 80 = :
'< 7"+1 oY r+1
< ER -0 5 <Zj ) —Q]
If we sum both sides over r =1, -+ | R, we obtain:
4 80
Z Gr S oY <Z /L. /N) QR+1].
r=1 3
Using the definition of 2™, we have
R
E[G™] = Egpr [En[G™ | FT] =1/R>_Ex[G7).
r=1
Therefore, we can finally conclude that:
80 (& TE[Q! - Q"]
E[G™] < — L;/N| ———— .
G <3 ;\/ / = (3.56)

which proves the first part.

Part 2). In order to prove the second part let us recycle inequality in (3.55) and write
2
G" + Z
B
N
10 1
< E r+1 _ r 2 v ; *V i rfl
< 356l I”+ 25 Ng ) = 5 Vaily )

80, al ’
36 QT-‘rl (Z > QT+1]

1 r_
ng ) N ng' (yi 1)

2

\ /\
5
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Also note that

N
Eor [[|lo* =2 |*1 7] = 32 12 (3.57)

Combining the above two inequalities, we conclude
al 2
Ex 61+ 85 St o - <]

=1
z al 3n;q; 2
~Er @B [ gt

i=1

1 .
ng ") = Vil b

2

G+ Z 1

< ? (Z \/Li/N> Er[Q" — Q" (3.58)
=1

where in the first equality we have used the relation 4 = n; [cf. (3.50)]. Using a similar argument as in first
part, we conclude that

E[G™]+E

N 0 (& 2E 1 _ AR+1
Sotar - <% (SovER) BOSET s
=1

i=1

This completes the proof. Q.E.D.

3.6.4 Proof of Theorem [5

We first need the following lemma, which characterizes certain error bound condition around the stationary

solution set.

Lemma 7 Suppose Assumptions A and B hold. Let Z* denotes the set of stationary solutions of problem

4.1), and dist(z, Z*) := minyez+ ||z — u||. Then we have the following

1. (Error Bound Condition) For any £ > min, f(z), exists a positive scalar T such that the following

error bound holds

dist (2, 2%) < 7(|V1/sf(2)] (3.60)

forall z € (ZNdom h) and z € {z : f(2) < &}.
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2. (Separation of Isocost Surfaces) There exists a scalar § > 0 such that

lz—v|| > whenever ze€ Z*veZ" f(z)# f(v). (3.61)

The first statement holds true largely due to [I30, Theorem 4], and the second statement holds true due to [91]
Lemma 3.1]; see detailed discussion after [I30, Assumption 2]. Here the only difference with the statement
[130, Theorem 4] is that the error bound condition holds true globally. This is by the assumption that
Z is a compact set. Below we provide a brief argument.

From [R3, Theorem 4], we know that when Assumption B is satisfied, we have that for any £ > min, f(2),

there exists scalars 7 and e such that the following error bound holds
dist (2, 2°) < 7l[Va/sf(2)[l,  whenever [V f(2)[| <€, f(2) <& (3.62)

To argue that when Z is compact, the above error bound is independent of €, we use the following two steps:

(1) for all z € ZNdom(h) such that ||@1/Bf(z)|| < 0, it is clear that the error bound (3.60) holds true; (2) for

diSt (2,Z7)
V18 f ()l

over the compact set Z N dom(h) N {z | ||@1/5f(z)|| > 6} . Thus, the above ratio must be bounded from

all z € Z N dom(h) such that ||V, 18f(2)|| > 4, the ratio is a continuous function and well defined
above by a constant 7’ (independent of b, and no greater than max, ez ||z — #'||/J). Combining (1) and (2)
yields the desired error bound over the set Z N dom(h). Q.E.D.
Proof of Theorem [5]
From Theorem {4 we know that (z", 2", \") converges to the set of stationary solutions of problem .
Let (z*, 2%, A\*) be one of such stationary solution. Then by the definition of the @) function and the fact that
the successive differences of the gradients goes to zero (cf. ), we have

N

Q"= f(z") = Y 1/Ngi(=*) + go(=") +p(z"). (3.63)
i=1
Then by Lemma |7|- (2) we know that f(z") = Zfil 1/Ngi(2") + go(z") + p(2") will finally settle at some

isocost surface of f, i.e., there exists some finite ¥ > 0 such that for all » > 7 and v € R such that

fE)=0v, Vr>r1 (3.64)

where 2" = argmin,ez« ||2” — z||. Therefore, combining the fact that ||z — 27| — 0, ||2"*! — 27| — 0,
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27t — 27| = 0 and AT = \|| — 0 (cf. (3.87), (B-88)), it is easy to see that
L(z",z", \")=f(z")=7v, Vr>r, (3.65)

where Z7, A" are defined similarly as z".
Now we prove that the expectation of A™! := Q"+ — & diminishes Q-linearly. All the expectation below
is w.r.t. the natural history of the algorithm. The proof consists of the following steps:

Step 1: There exists o1 > 0 such that

N
EQ -Q™ >0 (EZ’"“ — 2|2+ Y E|L/NVagi(=") — 1/NV9i(yfl)|2> ;

i=1

Step 2: There exists 7 > 0 such that
E|l2" = 2"|* < T|[E[V1,8f (zNI%

Step 3: There exists 05 > 0 such that

i=1

N
IV 16 f(]I* < 0 (EZ’““ — 2P+ Y E|L/NVagi(=") — 1/NV9i(y§1)|2> ;

Step 4: There exists o3 > 0 such that the following relation holds true for all » > 7
N
E[Q"! — 1] < 03 (EZT — 2P+ Ell27 = 27|+ ) E[1/NVgi(z") - 1/NVgi(yf_1)ll2> :
i=1

These steps will be verified one by one shortly. But let us suppose that they all hold true. Below we show
that linear convergence can be obtained.

Combining step 4 and step 2 we conclude that there exists o3 > 0 such that for all » > 7

N
E[Q"™ ~ 9] <03 <T||E[v1/ﬁf(zr—1)]||2 + Bl = 2P+ ) E[1/NVgi(z") — 1/NVgi(yfl)ll2> :
i=1

Then if we bound ||E(G")||? using step 3, we can simply make a o4 > 0 such that

N
E[Q™ — 7] <oy <E||z’“+1 — 2|+ ZEHl/NVgZ-(z") — 1/NVgi(yf1)||2> )
=1
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Finally, applying step 1 we reach the following bound for E[Q"! — o]:
r+1 = 04 r r+1 =
]E[Q _U]S;E[Q _Q }, VTZT»
1

which further implies that for o5 = 22 > 0, we have

g5

E[A™] < T on

E[AT], Vr>F

Now let us verify the correctness of each step. Step 1 can be directly obtained from equation (3.12)). Step
2 is exactly Lemma . Step 3 can be verified using a similar derivation as in (5.126]f

Below let us prove the step 4, which is a bit involved. From (3.7) we know that

N
2 = argmin h(2) + go=) + Y ALl — 2 + %Hx;ﬂ — 2|
=1

This implies that

N
B4 + go(=+) + YOO it — 24 4 Lt — 2
i=1
N ”
<h(Z') +g0(Z") + Y (A, - *T>+5’Hx;+1—z’“\|2. (3.66)
i=1

Rearranging the terms, we obtain

N
h(zr+1) +go(zr+1) B h(Zr) N go(zr) < Z<)\r r+1 2T> 4 %||$:+1 _ ZTHQ,

=1

Using this inequality we have:

N
Qr+1_— Zl/N (gi(zr-i-l)_gi(zr))_’_<)\;j,zr+1_2r>
N
30 Byt = 2P+ YN (Tg() - Vil I (3.67)

=1

2We simply need to replace —z" 1 + proxi/ﬂ[w"_1 — BVgo(2"~1)] in step (a) of (5.126) by —2" + prox,ll/ﬁ[uT — BVgo(z")]
and using the same derivation.
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The first term in RHS can be bounded as follows:

N

™
=

©
Il
—

(9:(="1) = gi(2")

—~
s}
N

WE

1/N(Vgi(z"), 2"t — ") + L;/2N|| 2" — z"||2

<.
Il
N

1/N(Vgi(Z") + Vgi(z" ) = Vg (2", 2" — 2") 4+ L; /2N|| 2" — 2|2

-

~
=
N
-
Il
—

-

s
Il
-

1/N<Vgi(zT+1), P zZM) + 3Li/2N||zTJrl - 2T||2,

where (a) is true due to the descent lemma; and (b) comes from the Lipschitz continuity of the Vg;.

Plugging the above bound into (3.67), we further have:

Q=< Y 1/N(Vgi("t) = Vagily; 1), 2 = 27) 4+ 3Li/2N |7 — 272

i r —r T T—
+ 5”%“ — 2P+ |1/N(Vgi(z") = Vaily; 1|17
N
= Z 1/N(Vgi(z"1) + Vgi(2") — Vgi(z") = Vgi(y] 1), 2" = 2")
i1
Bt = T 1N (Vau(") - Vel )2+ 3L/2N]r — 27|

where in the first inequality we have used the fact that A\] = f%Vgi(y»r_l); cf . (5.100). Applying the

7

Cauchy-Schwartz inequality we further have:

N
QM —v< Y 1/2|1/N (Vai(z"+) + Vgi(z") IIP + 1/2]| " — 27|

=1

N
+ > 1/2011/N (Vgi(2") = Vagily; ™) 7 + /2] = 271>
i=1
i

3

7™ = 27| + I11/N (Vgi(2") = Vgi(y; ~)II +3Li/2N|[=" — 27|

N
L? 3 .
7 r+1 |2 r r—18(12 i 1 2
2 sl = P+ ) = VP + B - )

+ (14 3L;/2N) ||2"T — 27||2. (3.68)
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Z’I"H2

Now let us bound SN | % mrH Z"||? in the above inequality:
=1 2

N N

Z i r+1 —r||2 — Z &”x:—i-l _ Zr+1 + Zr+1 _

; 2 Lt )

=1 =1
N

<D mlley = R 2 - 2

i=1

-2 42—z

N
<> ol = 2 4 2 2

Using the fact that 2/ ™' = 2" when i # 4, we further have:

IN

N
Z% §+1_2r|‘2

2
= —— A, +1/NVg;, (2"

ag i,
2 r 2
= el V9 () = Vai
N
+ 32l — P Al -
=1

2

< 190, (2") = Vi, (5P

ag i,

N
+ 241%“27' —
i=1

N
2, i Tt = 2P+ ) 2l — 2

N
WP+ 2" -
i=1

z7'+1||2 + QmHZr _ 27-”2_

R B

r+1H2 er”ZrJrl o er2.

r+1||2 +77iHZT+1 o 27”2

zr+1||2 + ni”zr-&-l _ 2r||2

22— 2r||2

(3.69)

Take expectation on both sides of the above equation and set p; = a;, we obtain:

Z ﬁz]E” r+1 —r||2 < Z
+Z4m]E||zT -
i=1

2") -

Vaily; I

2P+ 2mE]|2" — 277,

Combining equations (3.68]) and (3.69)), eventually one can find o3 > 0 such that

N
E[Q™™ — 7] < o3 (Ellzr —Z|]> + E|]z" T -

=1

which completes the proof of Step 4.

27+ Y E|l1/NVgi(z") = 1/NVgi(y,

)||2>

In summary, we have shown that Step 1 - 4 all hold true. Therefore we have shown that the NESTT-G
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converges Q-linearly. Q.E.D.

3.6.5 Some Key Properties of NESTT-E

To facilitate the following derivation, in this section we collect some key properties of NESTT-E.

First, for ¢ = i,., using the optimality condition for z; update step (3.16)) we have the following identity:

1
N Vir (@) + A+ agm, (2 =2 = 0. (3.70)

Combined with the dual variable update step (3.17]) we obtain

1

5 Vi (@) = =ATT (3.71)

i

Second, the optimality condition for the z-update is given by:

2" = prox,, [2"T = V.(L(2",2,A") — h(2))] (3.72)
N \r

= prox;, [zr+1 - Zm (z’"+1 -z — 7;) - Vgo(z“Ll)] . (3.73)
i=1 '

3.6.6 Proof of Theorem

To prove this result, we need a few lemmas.

For notational simplicity, define new variables {771}, {\/*'} by

= arg min U (i, 2D, 5\:+1 = A+ an; (a?”l - z“‘l) , Vi (3.74)

7

These variables are the virtual variables generated by updating all variables at iteration r + 1. Also define:

1 L2 Yi 1—oa; L;
LT::L r r,>\r = )\ = — G = ? e _
(@25 A7), wi=(2,2,}), B Zi\; n ¢ aniN? 2 T a; N

First, we need the following lemma to show that the size of the successive difference of the dual variables
can be upper bounded by that of the primal variables. This is a simple consequence of (3.71]); also see [R2,

Lemma 2.1]. We include the proof for completeness.
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Lemma 8 Suppose assumption A holds. Then for NESTT-E algorithm, the following are true:

2
Li ~r+1
N2

I =P < P PV P [

o7 |2, V. (3.75a)

N2||x

Proof. We only show the first inequality. The second one follows an analogous argument.

To prove , first note that the case for ¢ # i, is trivial, as both sides of are zero. For the
index i,, we have a closed-form expression for A} following . Notice that for any given ¢, the primal-dual
pair (z;, \;) is always updated at the same iteration. Therefore, if for each i we choose the initial solutions in

a way such that \) = —Vg;(2?), then we have
—Vgl( Yy = XL vi=1,2,---N. (3.76)
Combining with Assumption A-(a) yields the following:
I =Xl = *llng( T = Vel < & L Iz =2l

The proof is complete. Q.E.D.

Second, we bound the successive difference of the potential function.

Lemma 9 Suppose Assumption A holds true. Then the following holds for NESTT-E
E[L+ - L7227 < -2 o Iz =2 szczﬂw &P, (3.77)
Proof. First let us split L™! — L" in the following way:
L't - Lm = L7 — L™ 2T AT) - L™ 27T — L (3.78)

The first two terms in ([3.78)) can be bounded by

N
LT L((ET—H,ZT—H; )\r) _ Z<>\:+1 )‘:7 :Jrl . Zr+1>
i=1
a) 1 ( ) L2
(:) | r+1 )\T || < r |.Z’7-‘+1 _ xrv 2 (379)
i, M, i N2041r772r ZT h

where in (a) we have used (3.17), and the fact that A7 — A7 = 0 for all variable blocks except i,th block;

(b) is true because of Lemmal[g]
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The last two terms in (3.78) can be written in the following way:

L({x;‘Jrl},ZrJrl; )\r) _ LT = L(QL'T+1,ZT+1;)\T) _ L(LCT,ZTJrl; )\7‘) + L({ET,ZTJrl;)\T) _

L. (3.80)

The first two terms in ([3.80) characterizes the change of the Augmented Lagrangian before and after

the update of x. Note that  updates do not directly optimize the augmented Lagrangian. Therefore the

characterization of this step is a bit involved. We have the following:

L(xr—i-l,zr—i-l; )\r) _ L(mT,ZT+1;)\T)

INE

©
I
A

((VaL@™ 2 X0, @) = a7) = Tl — af?)

—
T
=

I
T~ A~

iy (s

Vi L 2N, 2l —a ) = el -l P

—~
Q
~

i iy

mi, (1= ) (@] = =), af ! ) = T el — o |2

—~
=

1 —a 1 1 Vi 1
9 (A gt o ) apt - ) - e - P

1-— (67 1
< — —z |l
oy, 2L, /N
(e) 1-— (67 L, .
< - T T

L. ,
NH L el = e ) - e

T

Vi
2

r+1

ir

7 N

r

| -

n =

where

e (a) is true because L(x, z, A) is strongly convex with respect to z;.

e (b) is true because when i # i,, we have /" = 27.

T H2
Ty

(3.81)

e (c) is true because x::rl is optimal solution for the problem min U (x;,,z !, A} ) (satisfying (3.70)),

r+1

ir

and we have used the optimality of such x

e (d) and (e) are due to Lemma [8]

Similarly, the last two terms in ([3.80) can be bounded using equation (3.70]) and the strong convexity of

function L with respect to the variable z. Therefor We have:

L(xr,zr—i-l,)\r) S < _%Hzr—i-l _ ZTHQ.

7

(3.82)



Combining equations (3.79)), (3.81) and (3.82)), eventually we have:

L — L(a", 2NN < g, o] — a7 (3.83)

Ty

L - I < =2 = 2P + e, — 2 (3.84)

Taking expectation on both side of this inequality with respect to i,, we can conclude that:

N
E[LH — L7 | 27,27] < = 2|2 =22+ pacilla — &) (3.85)

2 i=1
where p; is the probability of picking ith block. The lemma is proved. Q.E.D.

Lemma 10 Suppose that Assumption A is satisfied, then L™ > f.

Proof. Using the definition of the augmented Lagrangian function we have:

N

1 ;

L= (Nwz“) TN =) 4 g - zf“f) + g0z 1) + p(=")
i=1

(;gi(wf“) + %ng(x?“)v 2 =)+ %lef“ - ZT“HQ) +g0(2" ) +p(2")
21 r+1 i L; r+1 4112 r+1 r+1
2 Y o (= Y1 = R gl (e
Al
>Y Ngi(zTH) +go(z") +p(z" ) > f (3.86)

where (a) is true because of equation (3.71)); (b) follows Assumption A-(b); (c) follows Assumption A-(d).
The desired result is proven. Q.E.D.

Proof of Theorem [6] We first show that the algorithm converges to the set of stationary solutions, and

then establish the convergence rate.
Step 1. Convergence to Stationary Solutions. Combining the descent estimate in Lemma [J] as well

as the lower bounded condition in Lemma we can again apply the Supermartigale Convergence Theorem

[15] Proposition 4.2] and conclude that

it — 2| =0, |[2"T' — 27| = 0, with probability 1. (3.87)
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From Lemma [8l we have that the constraint violation is satisfied

AT =N =0, [zt — 27| — 0. (3.88)

The rest of the proof follows similar lines as in [R2, Theorem 2.4]. Due to space limitations we omit the proof.

Step 2. Convergence Rate. We first show that there exists a o1(a) > 0 such that

N N
v r L% r r r r r AT
IVL")?+ ) ellzi == I? < o1(a) <||Z — 2P+ flaf - $¢+1|2> : (3.89)
i=1 i=1

Using the definition of |[VL"(w")| we have:

2

IVL" (w")||* = ||z" — proxy, [ — V(L NI ng )+ X+ iz —2") (3.90)

From the optimality condition of the z update (3.73]) we have:

2" = prox,, [z Zm ( -z — A”) — Vgo(zr+1)] .

i

Using this, the first term in equation (3.90]) can be bounded as:

12" = proxy, [2" = V(L™ — h(z"))]]|

N
. . AT
=||z" = 2"t + 2" — prox,, lzT - E ni(z" —axf — =) — Vgo(zr)] H
; i
i=1
r__ r+l1 _ _ & r+1
< [lz" = 2" 4 || proxy, | 2" E i l”i o) Vo0 (z")

N

— prox;, [z —Zmz -z —%) Vgo(z )1 H

i=1 ¢

N
<22 =2 + (Zm +L0> 2" — 2", (3.91)

i=1

where in the last inequality we have used the nonexpansiveness of the proximity operator.

Similarly, the optimality condition of the z; subproblem is given by

1
NVgi(;%fH) + AT + ami(i?l“'l — z”l) =0. (3.92)
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Applying this identity, the second term in equation (3.90) can be written as follows:

1 2

Z —Vgi(x]) + A} +ni(z] — 2")
o IN

N g ) )
e ; NVQZ(sz) - NVgi(fU?H) +ni(x] —2") — alnl(””"'l T+1)

2l
= Z Nvgi(l‘z) - *Vgl(wﬂ) + i — $r+1 + 4 Ar+1 STl gl ") — aimi (& T+l _

i=1
O N [( B, (-0’ E? Srl N2 2l g2
SAL \we it Ty I el = A

where (a) holds because of equation (3.92)); (b) holds because of Lemma [§]
Finally, combining (3.91]) and (3.93)) leads to the following bound for proximal gradient

N N 2
o< (43 (mo +Zm> o —

i=1 =1

N
L? (1 - Oéi)QLi A
+Z4<N2 +n; + N2a2 lf — &%
i=1 g

Also note that:

N2
et =130 [l — & g R e )

>

N2 1
= o ot = 0P 4+ g AT = NP + 0 - 572
N 2
<2855 [laf - ag PP+ i ar® -t 4 1 - P
1=1
The two inequalities (3.94]) — (3.95)) imply that:
IVETIP + > S5 llef = ="
=1
N N N 72
2 . 2 g r__ r+1y2
< <Z4m+(2+;m+Lo) +3;N2>||Z 2

N

1 L2 Lt I L
+ 3 (1(e i+ -t ) +3 (o + 5 ) ) Iet a0
i=1
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Define the following quantities:

. L
61(a) = max {4 <N2

N N
=D 4+ 2+) mi+ L)
i=1

=1

N

Setting o1 (o) = max(61 (), 1) > 0, we have

(LB (ki
o N2 1772N4 N2

+3ZL

=1

2
2

N?Z’

N N
= Lzz r 7T
IVLT1P+ ) 5 llaf =217 < on(e) (IZ’“ =P et - %“HQ) ~ (3.97)
i=1 i=1
From Lemma [3] we know that
E[L* - L7|s",0"] < -2 o 2 =2+ szczllz ol (3.98)
Note that v, = Zf\il 1; — Lo, then define 65 and &5 as
52(a) Vi L? 1—a; L
= Imax i — N
g2\a za b 2 OéiT]iN2 (677 N
- Zf\; n; — Lo
Gg =242 — —.
2
We can set o2(a) = max(dz2(a), d2) to obtain
E[L" — L' 2", 2"] > oa(ax (Z &7+ — 20| + || — 2T||2> . (3.99)
Combining ([3.89)) and ( we have
3 o1(a)
Hw") = ||[VL|?+ > L2/N|a} — 2"|]> < Z=—=E[L" — L"t|F"].
(w") = [I[VL"]| ; /NIl I () [ |F"]
Let us set C(a) = Z;EZ; and take expectation on both side of the above equation to obtain:
E[H(w")] < C(a)E[L" — L™]. (3.100)
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Summing both sides of the above inequality over r = 1,--- | R, we obtain:
R
> E[H(w")] < C(a)E[L' — L*T). (3.101)
r=1
Using the definition of w™ = (2™, 2™, A™), and following the same line of argument as Theorem we

eventually conclude that

C(Q)E[L! — LE+]

E[H(w™)] < R (3.102)
The proof is complete. Q.E.D.
3.6.7 Proof of Proposition
Applying the optimality condition on z subproblem in (3.32)) we have:
2" = argmin h(z) + go(2) + gHz — "2 (3.103)
where the variable u"*! is given by (cf. (5.108))
N
ut =B (A + ). (3.104)
i=1
Now from one of the key properties of NESTT-G [cf. Section [3.6.1] equation (3.28)], we have that
1 1
Wt =" - 3 (Vgi, (z") = Vi, i ")) + = _ Vai(yl N | (3.105)
NOziT N i1
This verifies the claim. Q.E.D.
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Chapter 4

Perturbed Proximal Primal Dual
Algorithm for Nonconvex Nonsmooth

Optimization

Abstract

In this paper we propose a perturbed proximal primal dual algorithm (PProx-PDA) for optimization problems
whose objective is the sum of smooth (possibly nonconvex) and convex (possibly nonsmooth) functions
subject to a linear coupling constraint. This family of problems has applications in a number of statistical
and engineering applications, for example in high-dimensional subspace estimation, and distributed signal
processing and learning over networks. The proposed method is of Uzawa type, in which a primal gradient
descent step is performed followed by a (approximate) dual gradient ascent step. One distinctive feature
of the proposed algorithm is that the primal and dual steps are both perturbed appropriately using past
iterates so that a number of asymptotic convergence and rate of convergence results (to first-order stationary
solutions) can be obtained. Finally, we conduct extensive numerical experiments to validate the effectiveness

of the proposed algorithms.
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4.1 Introduction

4.1.1 The Problem

Consider the following optimization problem

min f(z)+ h(z), st. Az =0b, (4.1)

zeX

where f(z): RV — R is a continuous smooth function (possibly nonconvex); A € RM*¥ is a rank deficient
matrix; b € RM is a given vector; X is a convex compact set; h(x) : RNY — R is a lower semi-continuous
nonsmooth convex function. Problem (4.1)) is an interesting class that can be specialized to a number of

statistical and engineering applications. We provide a few of these applications in the next subsection.

4.1.2 Motivating Applications

Sparse subspace estimation. Suppose that ¥ € RP*? is an unknown covariance matrix, Ay > Ay > --- A,
and w1, ug, - ,u, are its eigenvalues and eigenvectors, respectively, and they satisfy ¥ = Y7 | )\iuiu;r .
Principal Component Analysis (PCA) aims to recover uq,ug, - - ,ug, where k < p, from a sample covariance
matrix ¥ obtained from i.i.d samples {x;}_,. The subspace spanned by {u;}%_, is called k-dimensional
principal subspace, whose projection matrix is given by IT* = >°% | u;u; . Therefore, PCA reduces to finding
an estimate of II*, denoted by II, from the sample covariance matrix 3. In high dimensional setting where
the number of data points is significantly smaller than the dimension i.e. (n < p), it is desirable to find a

sparse II, using the following formulation [48]

min (1) +P,(I), st MDeF- (4.2)

In the above formulation, ¥ denotes the Fantope set [133], given by F* = {X : 0 < X < I,trace(X) = k},
which promotes low rankness in X. The function P, (II) is a nonconvex regularizer that enforces sparsity on
II. Typical forms of this regularization are smoothly clipped absolute deviation (SCAD) [34], and minimax
concave penalty (MCP) [141]. For example, the definition of MCP regularization with parameters b and v is

given below
¢2 bl/2
Pu(®) = tjp|<tw (V|¢| — oy ) Tusse | 5 ) (4.3)

where, tx denoted the indicator function for convex set X, which is defined as tx(y) = 0 when y € X, and
tx (y) = oo otherwise.

One particular characterization for these nonconvex penalties is that they can be decomposed as a sum of
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an ¢; function and a concave function g, (x): Py, (¢) = v|¢| + g, (¢) for some v > 0. In a recent work [48], it is
shown that with high probability, every first-order stationary solution of problem (4.2)) (denoted as f[) is of

high-quality, in the sense that it satisfies the following error

. 4CA 12C\ 1
- 10 < o 2 Sy [ORD (1.4
)\k — >\k+1 n )\k — >\k+1 n
where s = |supp(diag(IT*))|, C, s1, m1, and my are some constants. See [48] Theorem 3] for detailed

description. In order to deal with the Fantope and the nonconvex regularizer separately, one can introduce a

new variable ® and reformulate problem (4.2)) in the following manner [133]

min (,1) +P,(®) st. IMeFr MI-&=0. (4.5)

Clearly this is special case of problem (4.1]), with z = [II, ®], f(z) = <f],H> + ¢, (®), h(z) = v||®|, X = FF,
A=1[I,-I],b=0.
The exact consensus problem over networks. Consider a network which consists of N agents who

collectively optimize the following problem

min f(y) +h(y) == > (fi(y) +hiy)), (4.6)

R
ve i=1

where f;(y) : R — R is a smooth function, and h;(y) : R — R is a convex, possibly nonsmooth regularizer
(here y is assumed to be scalar for ease of presentation). Note that both f; and h; are only accessible by
agent i. In particular, each local loss function f; can represent: 1) a mini-batch of (possibly nonconvex) loss
functions modeling data fidelity [7]; 2) nonconvex activation functions of neural networks [3]; 3) nonconvex
utility functions used in applications such as resource allocation [I§]. The regularization function h; usually
take the following forms: 1) convex regularizers such as nonsmooth ¢; or smooth ¢5 functions; 2) the indicator
function for closed convex set X, i.e. tx. This problem has found applications in various domains such
as distributed statistical learning [93], distributed consensus [I31], distributed communication networking
[145] [81], distributed and parallel machine learning [60, [38] and distributed signal processing [115] [145]; for
more applications we refer the readers to a recent survey [45].

To integrate the structure of the network into problem , we assume that the agents are connected
through a network defined by an undirected, connected graph G = {V, £}, with |V| = N vertices and |£| = E
edges. Each agent can only communicate with its immediate neighbors, and it is responsible for optimizing
one component function f; regularized by h;. Define the incidence matrix A € REXN as following: if e € £

and it connects vertex i and j with ¢ > j, then A, =1 ifv =14, A., = —1 if v = j and A, = 0 otherwise.

85



Using this definition, the signed graph Laplacian matriz L_ is given by L_ := AT A € RV*V_ Introducing N
new variables ; as the local copy of the global variable y, and define & := [z1;--- ;25| € RY, problem (4.6)

can be equivalently expressed as

N
Jgﬂlgb f(x) ; fi(zi) + hi(z;)), st. Az = 0. (4.7)
This problem is precisely original problem with correspondence X =RY b =0, f(x) := vazl fi(xs),
and h(z) := SN, hy(x).

The partial consensus problem. In the previous application, the agents are required to reach ezxact
consensus, and such constraint is imposed through Az = 0 in . In practice, however, consensus is
rarely achieved exactly, for example due to potential disturbances in network communication; see detailed
discussion in [73]. Further, in applications ranging from distributed estimation to rare event detection, the
data obtained by the agents, such as harmful algal blooms, network activities, and local temperature, often
exhibit distinctive spatial structure [27]. The distributed problem in these settings can be best formulated
by using certain partial consensus model in which the local variables of an agent are only required to be
close to those of its neighbors. To model such a partial consensus constraint, we denote &, as the permissible
tolerance for e = (i,7) € £, and replace the strict consensus constraint z; — z; = 0 with ||z; — z;||* < &.
Further, we define the link variable z. = z; — x;, and set 2 := {2¢}eeg, Z := {2 | [|z||* < & Ve € E}. Using

these notations, the partial consensus problem can be formulated as

N
Hmlizn Z (fi(x;) + hi(z;)) st. Ax—2=0, z € Z, (4.8)

i=1
which is again a special case of problem (4.1)).

4.1.3 Literature Review and Contribution.

Literature on Related Algorithms.

The Augmented Lagrangian (AL) method, also known as the methods of multipliers, is pioneered by Hestenes
[57] and Powell [T05]. It is a classical algorithm for solving nonconvex smooth constrained problems and
its convergence is guaranteed under rather week assumptions [I4], [104] B5]. A modified version of AL has
been develped by Rockafellar in [IT1], in which a proximal term has been added to the objective function
in order to make it strongly convex in each iteration. Later Wright [71] specialized this algorithm to the
linear programming problem. Many existing packages such as LANCELOT are implemented based on AL
method. Recently, due to the need to solve very large scale nonlinear optimization problems, the AL and

its variants regain their popularity. For example, in [28] a line search AL method has been proposed for
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solving problem with h =0 and X = {x; | <x < wu}. Also reference [2I] has developed an AL based
algorithm for nonconvex nonsmooth optimization, where subgradients of the augmented Lagrangian are used
in the primal update. When the problem is convex, smooth and the constraints are linear, Lan and Monterio
[75] have analyzed the iteration complexity for the AL method. More specifically, the authors analyzed
the total number of Nesterov’s optimal iterations [102] that are required to reach high quality primal-dual
solutions. Subsequently, Liu et al [85] proposed an inexact AL (IAL) algorithm which only requires an
e—approximated solution for the primal subproblem at each iteration. Hong et al [60] proposed a proximal
primal-dual algorithm (Prox-PDA), an AL-based method mainly used to solve smooth and unconstrained
distributed nonconvex problem [i.e. problem with h; = 0 and X € R™]. Overall, the AL based methods
often require sophisticated stepsize selection, and an accurate oracle for solving the primal problem. Further,
they cannot deal with problems that have both nonsmooth regularizer h(z) and a general convex constraint.
Therefore, it is not straightforward to apply these methods to problems such as distributed learning and
high-dimensional sparse subspace estimation mentioned in the previous subsection.

Recently, the alternating direction method of multipliers (ADMM), a variant of the AL, has gained
popularity for decomposing large-scale nonsmooth optimization problems [20]. The method originates in
early 1970s [47, [41], and has since been studied extensively [16] [6T], BT]. The main strength of this algorithm
is that it is capable of decomposing a large problem into a series of small and simple subproblems, therefore
making the overall algorithm scalable and easy to implement. However, unlike the AL method, the ADMM is
designed for convex problems, despite its good numerical performance in nonconvex problems such as the
nonnegative matrix factorization [128], phase retrieval [137], distributed clustering [38], tensor decomposition
[82] and so on. Ounly very recently, researchers have begun to rigorously investigate the convergence of ADMM
(to first-order stationary solutions) for nonocnvex problems. Zhang [142] have analyzed a class of splitting
algorithms (which includes the ADMM as a special case) for a very special class of nonconvex quadratic
problems. Ames and Hong in [5] have developed an analysis for ADMM for certain ¢; penalized problem
arising in high-dimensional discriminant analysis. Other works along this line include [62} [77, [56, 05] and
[134]; See Table 1 in [I34] for a comparison of the conditions required for these works. Despite the recent
progress, it appears that the aforementioned works still pose very restrictive assumptions on the problem
types in order to achieve convergence. For example it is not clear whether the ADMM can be used for the
distributed nonconvex optimization problem over an arbitrary connected graph, despite the fact that

for convex problem such application is popular, and the resulting algorithms are efficient.
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Literature on Applications.

The sparse subspace estimation problem formulations (4.2]) and have been first considered in [29] [133]
and subsequently considered in [48]. The work [133] proposes a semidefinite convex optimization problem to
estimate principal subspace of a population matrix ¥ based on a sample covariance matrix. The authors of
[48] further show that by utilizing nonconvex regularizers it is possible to significantly improve the estimation
accuracy for a given number of data points. However, the algorithm considered in [48] is not guaranteed to
reach any stationary solutions.

The consensus problem and have been studied extensively in the literature when the objective
functions are all convex; see for example [98] [86l 07, 120, 10]. Without assuming convexity of f;’s, the
literature has been very scant; see recent developments in [17, [62] 54 [89]. However, all of these recent results
require that the nonsmooth terms h;’s, if present, have to be identical. This assumption is unnecessarily
strong and it defeats the purpose of distributed consensus since global information about the objective function
has to be shared among the agents. Further, in the nonconvex setting we are not aware of any existing
distributed algorithm with convergence guarantee that can deal with the more practical problem with

partial consensus.

Contributions of This work.

In this paper we develop an AL-based algorithm, named the perturbed proximal primal dual algorithm
(PProx-PDA), for the challenging linearly constrained nonconvex nonsmooth problem . The proposed
method is of Uzawa type [72] and has very simple update rule. It is a single-loop algorithm that alternates
between a primal (scaled) proximal gradient descent step, and an (approximate) dual gradient ascent step.
Further, by appropriately selecting the scaling matrix in the primal step, the variables can be easily updated
in parallel. These features make the algorithm attractive for applications such as the high-dimensional
subspace estimation and the distributed learning problems discussed in Section [4.1.2]

One distinctive feature of the PProx-PDA is the use of a novel perturbation scheme for both the primal and
dual steps, which is designed to ensure a number of asymptotic convergence and rate of convergence properties
(to approximate first-order stationary solutions). Specifically, we show that when certain perturbation
parameter remains constant across the iterations, the algorithm converges globally sublinearly to the set of
approximate first-order stationary solutions. Further, when the perturbation parameter diminishes to zero
with appropriate rate, the algorithm converges to the set of exact first-order stationary solutions. To the best
of our knowledge, the proposed algorithm represents one of the first first-order methods with convergence
and rate of convergence guarantees for problems in the form of .

Notation. We use || - ||, || - [l1, and || - ||r to denote the Euclidean norm, ¢;-norm, and Frobenius norm
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respectively. For given vector z, and matrix H, we denote ||z||% := 2T Hz. For two vectors a, b we use
{a,b) to denote their inner product. We use oyax(A) to denote the maximum eigenvalue for a matrix A.
We use Iy to denote an N x N identity matrix. For a nonsmooth convex function h(x), Oh(x) denotes the

subdifferential set defined by
oh(z) = {v € RN; h(z) > h(y) + (v,z —y) Yy € RV} (4.9)

For a convex function h(z) and a constant o > 0 the proximity operator is defined as below

1
prox,ll/a(:z:) := argmin 2—||x — 2|2 + h(2). (4.10)
. «

4.2 Perturbed Proximal Primal Dual Algorithm

To begin with, we introduce the the augmented Lagrangian for problem (4.1
Ly(@,y) = f(@) + h(z) + (A Az = b) + £ Az — b]]%, (4.11)

where A € RM is the dual variable associated with the equality constraint Az = b, and p > 0 is the penalty
parameter for the augmented term || Az — b]|2.

For notational simplicity, define u(z;y) := (Vf(y),z — y) to be the linear approximation of f(x). Define
B € RMXN t0 be a scaling matrix, and introduce two new parameter v > 0 and # > 0, where v is a small
positive number which is related to the size of the equality constraint violation, and 3 is the proximal

parameter that regularizes the primal update. Let us choose v > 0 and p > 0 such that py < 1. The steps of

the d-PPse corithi i ais corithpn BN
Algor 5 The p proximal pr lgorithm (PProx-PDA)

Initialize: A\° and z°
Repeat: update variables by

" = arg Hél)l{l u(z,z") + h(z) + (1 — py)\", Az — b)

P B .
+5 Az~ bl|* + Slz—=2 25" (4.12a)
A = (1= py)A" + p (A2t —b) (4.12b)

Until Convergence.

In contrast to the AL method, in which the primal variable is updated by minimizing the augmented
Lagrangian given in (4.11]), in PProx-PDA the primal step minimizes an approximated augmented Lagrangian,
where the approximation comes from: 1) replacing function f(z) with the surrogate function u(z,z"); 2)

perturbing A by a positive factor 1 — py > 0; 3) adding proximal term ng — xT||2BTB. We make a few remarks
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about these algorithmic choices. First, the use of the linear surrogate function u(z,y) := (Vf(y),z — v)
ensures that only first-order information is used for the primal update. Also it is worth mentioning that
one can replace the function u(x;y) with a wider class of “surrogate” functions satisfying certain gradient
consistent conditions [I07, [I17], and our subsequent analysis will still hold true. However, in order to stay
focused, we choose not to present those variations. Second, the primal and dual perturbation is added to
facilitate convergence analysis. Note that in the convex case, similar perturbation in the dual step has been
considered for example in [99], but the purpose is to make sure that the dual variable lies in a convex and
compact set under the Slater constraint qualification. Third, the appropriate choice of scaling matrix B

ensures the following key properties:

a) Problem (4.12a)) is strongly convex;

b) Problem (4.12a)) is decomposable over different variables (or variable blocks).

Point (a) is relatively easy to see since p and 3 can be chosen to be large enough, and BT B can be chosen
to satisfy ATA + BTB > I, so that the strongly convex regularization dominates the nonconvex function
f(x). We illustrate Point (b) through the distributed optimization problem . Let us define the signless
incidence matriz B := | A|, where A is the signed incidence matrix defined in Section and the absolute
value is taken for each component of A. Using this choice of B, we have BTB = L, € RV*V which is the
signless graph Laplacian whose (i,7)th diagonal entry is the degree of node i, and its (i, j)th entry is 1 if
e = (i,7) € £, and 0 otherwise. Further, let us set p = 5. Then z-update step becomes

N
"= arg minZ(Vfi(:zzg), x; — b)) + (1 = py)A\", Az — b) + pz’ Dx — pxT L 2"
i=1

where D := diag[dy,--- ,dx] € RV*Y is the diagonal degree matrix, with d; denoting the degree of node 1.

Clearly this problem is separable over the variable x; for all ¢ = 1,2,--- | N.
4.2.1 Convergence Analysis

In this subsection we provide the convergence analysis for PProx-PDA presented in Algorithm [} We will

frequently use the following identity

(0,6~ a) = 5 (Ib—al* + > ~ al]?). (413)

Also, for the notation simplicity we define

w” = (2" —2") — (2" — 2" h). (4.14)
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To proceed, let us make the following blanket assumptions on problem (4.1]).
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Assumption A.

A1l. The function f(z) is L-smooth i.e., there exists L > 0 such that

IVf(@) =Vl <Lllz—yl, VazyeX

Further, without loss of generality, assume that f(x) > 0 for all z € X.

(4.15)

A2. The function h(x) is nonsmooth lower semi-continuous convex function, and it is assumed to be lower

bounded: h(z) >0, V2 € X.
A3. The constraint Az = b is feasible over z € X.
A4. The feasible set X is a convex and compact set.
A5. The scaling matrix B is chosen such that ATA + BTB > I.

Our first lemma characterizes the behavior of the dual variable.
Lemma 11 Under Assumption A, the following holds true for PProx-PDA

1—py B

TH)\TH - N2+ §H9CT+1 — 2" ||5rp
1—py - B _
< SN =X TR+ Gl =0 e

L
4 7||xr+1 _er2 4

2 2

Proof 1 From the optimality condition of the x-update in (4.12a]) we obtain

(VF(@") + ATX (1= p) + pAT (Az™+" = b)

+ BB Bz — ")+ &t ™ —2) <0, V2 e X,

L
P R ] PAREEP N I A §

(4.16)

(4.17)

where €™ € Oh(x™L) is a subgradint for nonsmooth function h(z) at x = x" 1. Performing this equation

forr—1, we get

(V@) + AT N1 = py) + pAT (Az" - b)

+BBTB(z" — 2" ) 4+ £", 2" —x) <0,V z € X,
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where £" € Oh(z") is defined similarly. Let x = " in the first inequality and x = x" 1 in the second, we can

then add the resulting inequalities to obtain

(Vf(a") = V@@ ™), =) + (AT = X7), 2" o)

+ B(BTBw", z™ — ") < (€7 — ¢ ™ ") <0 (4.19)

where in the last inequality we have utilized the convexity of h. Now let us analyze each terms in (4.19). First,

by the application of Young’s inequality, and the assumption that f is L-smooth we have

L L
(V@) = Vf@),a™ = a") < Slla™ =+ Zlla” =2 (4.20)

For the second term, we have the following series of equalities

<AT(>\T+1 _ )\r)’xr-i-l o $T> _ <A((ET+1 o LUT),AT+1 i )\r>
= <(AJZT’+1 —_ b—,y/\T) _ (AJZT _ b_,y)\rfl)7)\r+1 _ )\r> +,Y</\r _ )\rfl,/\qul _ )\r>

E2y),ET) 1 (1 r r r_ yr—
LED 2 (2 ) (et = e = o - xe e

HIOT = A7) = (7 - /\’”1)||2> AT = AT (4.21)

For the third term, we have

ror m (@:13) B r r r r— r
(BT B2t — ) B L (ot B — e — 2 e + 0 )
/8 T T T T—
> 3 (|| =2 |prp — 2" — 1H2BTB) . (4.22)
Therefore, combining (4.20)) — (4.22)), we obtain the desired result in (4.16)). Q.E.D.

Next we analyze the behavior of the primal iterations. Towards this end, let us define the following new

quantity
T(x,\) = f(z) + h(@) + (1 — p1)A, Az — b —AX) + gHAI — b2 (4.23)

Note that this quantity is identical to the augmented Lagrangian when v = 0. It is constructed to track
the behavior of the algorithm. The next lemma analyzes the change of T in two successive iterations of the

algorithm.
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Lemma 12 Suppose that B > 3L and p > B. Then we have the following

1—
T(ZL’T+1,)\T+1) + ( p7)7||)\r+1”2

2
royry . =P L—py)(2—py r r
<1 )+ S ey (UE2)EZ 0 et e
p
— 3L
—(ﬂ;’) e — 27|, V>0, (4.24)

Proof 2 For simplicity let us define g(x, \;x") := T(x, \) + ng —a"||grg. Then it is easy to see that if

B8 > 3L, then the change of x results in the reduction of T':

TN~ TN = g X a) — gla”, Nt = Dl a7 g

i)
(V) + € 4+ (1= p7) AN + pAT (Aa" 1 — 1) + BB B(a" ! — "),

—~

. . -L, . ,
r+1 —CL'T> _ 5 5 ||$7+1 —.%'7”2

(i) B—3L\, , i
< (55 ) - (1.25)

T

where (i) is true because when B > 3L, p > B and ATA+ BT B = I, function g(x, \;x") is strongly convex
with modulus B— L [here ™71 € Oh(x™T1)]; (ii) is true due to the optimality condition (4.17)) for x-subproblem,

and the assumption that f(x) is L-smooth. Second, let us analyze T (x" 1, A7) —T(x" 1, \") as the following

T(x™ PN — (2" N7 (4.26)
=(1—py) (AT =N, Az™ —b— A7) — (1= py) (YA — A7, A7)

Em).ED) Lor . . ) . )
LEDD (1 - ) (I = XIP + JANTE = X = st = )).

Combining the previous two steps, we obtain the desired inequality in (4.24]). Q.E.D.

Comparing the results of two previous lemmas, from we can observe that term %(% — )| AT —
A2+ Bl — 27||%, 5 is descending in [|A"F! — A7[|? and ascending in [|z"+! — 2" |2, while from we
can see that T(z"+1, \r+1) + WHX’H |? is behaving in an opposite manner. Therefore, let us define the
following potential function P, as a conic combination of these two terms such that it is descending in each

iteration. For some ¢ > 0

1—
Pc($r+1, )\T+1;xT7)\T) = T(.TT+1, )\T+1) + ( 2/)’7)7”)\1‘—1-1”2
C

1—
+ 5 (LI N 4 Bl = o + L = o) (1.27)
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Then according to the previous two lemmas, one can conclude there are constants aq, as, such that

Pc('rr+17 AT+1;xTa AT) - Pc(xra )‘T;'rrila )‘Til)

S _a1||)\r+1 _ )\’I‘||2 o agHu’EH_l _ xr”2’ (4.28)

where a1 = ((1 —pY)s +oey— 1_[,‘”), and az = (252 — cL). Therefore, it is easy to observe that in order

to make the P, function descent, it is sufficient to have

gl 1—py
A=p)g+er=

>0, and 8 > (3+2¢)L. (4.29)
Therefore a sufficient condition is that
1
T:=py€(0,1), c>;—1>0, B8>B+2c)L, p>p. (4.30)

Next, let us show that the potential function P, is lower bounded, when choosing particular parameters given

in the previous lemma.

Lemma 13 Suppose Assumption A is satisfied, and the algorithm parameters are chosen according to (4.30)).

Then the following Statement holds true
JP st P(a" TN N> P> 00, Vr>0. (4.31)

Proof 3 First, we analyze terms related to T(x" 1, \"T1). The inner product term in ([4.23) can be bounded

as

<)\r+1 _ p’}/)\T—H,A(ET—H —_ph— ’7)\T+1>

@) 1 (11— py T
= 2 (p —(1- /w)v) AT = AT 4 AT = A7)

(1 — P 2 T r T T
= Qp)(ll)\ T2 = AT+ I = A7), (4.32)

Clearly, the constant in front of the above equality is positive. Taking a sum over R iterations of T(x" 1, A"+1),

we obtain
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R
r+1 r+1y\ __ r+1 r+1 B r4+1 2
TG )= (F@) + @) + S Aa o))

r=1

(1—py)? 4
+4—Zj*wV”W”%MW2+§:M”J—AW%

r=1

R
1— 2
> 3 (£ ey 4 Hlaaret = o) + B (e -

r=

1
1—py)?
( ) H)‘1||2’

2p

v

(4.33)

where the last inequality comes from the fact that f and h are both assumed to be lower bounded by 0. Therefore,
the sum of the T(-,-) function is lower bounded. From we conclude that Zle P.(x" P N a7 s
also lower bounded by —%H)@HQ for any R, because besides the term Zle T(z" T, A1), the rest of
the terms are all positive. Combined with the fact that P. is nonincreasing we conclude that the potential
function is lower bounded, that is we have

1— 2
pz 050 (4:34)

This proves the claim. Q.E.D.

Now we are ready to present the main result on the convergence of the PProx-PDA. To proceed, let us

define some approximate stationary solutions for problem (4.1)).

Definition 2 Stationary solution. Consider problem ({.1). Given ¢ > 0, the tuple (z*,\*) is an e-

stationary solution if the following holds
|Az* —b|?> <€, (Vf(z*)+ATN* 4 &5 2" —2) <0, VazeX, (4.35)

where £* is some vector that satisfies £* € Oh(x™*).

We note that the e-stationary solution slightly violates the constraint violation. This definition is closely
related to the approximate KKT (AKKT) condition in the existing literature [0, [52]. It can be verified that
when X = RY, and h = 0, then the condition in satisfies the stopping criteria for reaching AKKT
condition Eq. (9)-(11) in [6]. We refer the readers to [6, Section 3.1] for detailed discussion of the relationship
between AKKT and KKT conditions.

We show below that by appropriately choosing the algorithm parameters, the PProx-PDA in fact converges
to the set of approximate stationary solutions. The precise relationship to convergence to e-stationary solutions

involves bounding the size of the dual solutions, as well as the choice of various algorithm parameters. These
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issues will be discussed in the next subsection.

Theorem 7 Suppose Assumption A holds. Further assume that the parameters 7, p, B, ¢ satisfy (4.30). For

any given € > 0, the following is true for the sequence (z",\") generated by the PProz-PDA

o In the limit we have

NFTL_ N =0, 2™ —z" —0.

o Let (z*,)\*) denote any limit point of the sequence (z",\"). Then (x*,\*) is a (v?||\*||?)-stationary

solution of problem (4.1)).

Proof 4 Combining the bound given in (4.28]) with the fact that the potential function P. is decreasing and

lower bounded, we immediately conclude that

AL AT 50, 2™ -2 — 0. (4.36)

which proves the first part.
In order to prove the second part let (x*, \*) be any limit point of the sequence (", \"). From (4.12b)) we
have \TTt — X" = p(Az" ! — b —~\"). Then combining this with ([4.36) we obtain

Az* —b—~A" =0. (4.37)

Thus, we have ||Ax* — b||?> < 42| \*||?; which proves the first inequality in ([4.35).  Further, from the

optimality condition of x-subproblem we have

(VF@") + &+ (1= p) ATA + pAT (Az"H —b)

+BBTB(2"™ —2"), 2" — 1) <0, VX, (4.38)

where £ € Oh(xz"). From the dual variable update we have A"t = (1 — py)A" + p (Az" ™ —b), therefor

combining this with the previous equation we have
(V") +& + ATNT 4 BBT B2 —27), 2" —2) <0, V2 € X. (4.39)

This inequality together with (4.36|) implies (4.35)).
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4.2.2 The Choice of Perturbation Parameter

In this section, we discuss how to obtain e-stationary solution. First, note that Theorem [7] indicates that
if A* is bounded, and the bound is independent of the choice of parameters v, p, 8, ¢, then one can choose
v = O(y/€) to reach an e optimal solution. Such boundedness of A\* can be ensured by assuming certain
constraint qualification (CQ) at (z*, \*); see a related discussion in the Appendix. In the rest of this section,
we take an alternative approach to argue e-stationary solution. Our general strategy is to let % and 7y
proportional to the accuracy parameter e, while keeping 7 = py € (0,1) and ¢ fixed to some e-independent
constants.

Let us define the following constants for problem (4.1))

di = max{||Az — b|)? |z € X}, dy =max{||lz —y|?®| 2,y € X},

ds = max{[|lz —y|prp | 2.y € X}, ds = max{f(z) + h(z) |z € X}. Y
The lemma below provides a parameter independent bound for §||Az' — b||%.
Lemma 14 Suppose \° =0, Az° =b, p > B, and 8 — 3L > 0. Then we have
LllAc! = bl < du, gﬂxl — 202 < dy + %dQ (4.41)

Proof 5 From Lemma and use the choice of z° and \°, we obtain

1 7130”2

1- —3L

[l

1—
<T@+ (2= T ) ) IV,

Utilizing the definition of T'(x,\) and (4.32), we obtain
141y _ 1 1 (1= \1p2 P 1 2
T(x,A)—f(x)Jrh(x)Jrip N7+ S llAz” — o]

T(z%\°) = f(2°) + h(2).

Combining the above, we obtain

B —3L

1_ .02
. 2|

[

L—py  (A=p)° p
(== 22 B2 e 4 Bt = g+

< T \°) = f(a') — h(a')

By simple calculation we can show that ((1 —py)y — 1—% + @) = 0. By using the assumption f(z') >0,
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h(z') >0, it follows that

B—3L

S et — 202 < ds, g”Awl —b|? < da (4.42)

This leads to the desired claim. Q.E.D.

Combining the above lemma with dual update (4.12b)), we can conclude that

1 p
%IWH2 = 5l Azt —bl|* < ds. (4.43)

Next, we derive an upper bound for the initial potential function P.(x!,A\!;2% A\Y). Assuming that

Az® = b, A = 0, we have

Pa(z' AL 2%, 0\0) T(' A + (1- P’Y)§7+ ¢/p) AL

C
+ £ (Blla" =l p + Llia' =)

[T23). @32) 1—pvy 2 p
S g e + EEE R 4 L et o2

1—py)(y+c/p c
+ Q2O a2 4 € (e — a0y + Ll - a0))
3L
< 24201 - p)2+ (1= py)(c+py)] da+ g (2amax(BTB)(d4 + 5 da) + Ldz)
= Pp? (4.44)

It is important to note that P2 does not depend on p,~, 8 individually, but only on py and ¢, both of which

can be chosen as absolute constants. The next lemma bounds the size of ||[A"1|%.

Lemma 15 Suppose that (p,v, ) are chosen according to (4.30), and the assumptions in Lemma hold
true. Then the following holds true for all r >0

11 —p)

L2 < P2, (4.45)

Proof 6 We use induction to prove the lemma. The initial step r = 0 is clearly true. In the inductive step

we assume that

y(1 = p7)

5 A2 < P2 for some r > 1. (4.46)

Using the fact that the potential function is decreasing (cf. (4.28)), we have
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P(z" AT 2" N7 < Po(zt, M 2%, \0) < PO, (4.47)

Combining (4.47) with (4.32)), and use the definition of P. function in (4.27), we obtain

L—py)? o, r YA =p7) \r
CS e - vy + 255 2 e < . (4.48)

If A" = |27 > 0, then we have

L 1_ 1— )2 (4.48)
WDy < WP ey AP0 s gy 58 o
If AT = [[A7|| < 0, then we have

1- 1-—
’Y( 5 p7)||/\r+1||2 < 7( 5 p’Y) ||)\’I"||2 S Pc(')’

where the second inequality comes from the induction assumption (4.46)). This concludes the proof of (4.45)).
Q.E.D.

From Lemma and the fact that py =7 € (0,1), we have
AP < %Pf, V>0 (4.49)
Therefore, we get
A2[AT2 < 2P§i, forall 7 >0 . (4.50)
Also note that p and S should satisfy , reStated below
T:=py€(0,1), c>%71>0, B8>(34+2c)L, p>p. (4.51)

Combining the above results, we have the following corollary about the choice of parameters to achieve

e-stationary solution.

Corollary 1 Consider the following choices of algorithm parameters

1 1 1
'y:min{e,ﬁ}, p:2max{ﬁ,}, B>TL, c¢=2. (4.52a)
€
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Further suppose Assumption A is satisfied, and that Az® = b, \’ = 0. Then the sequence of dual variables
{A"} lies in a bounded set. Further, every limit point generated by the PProx-PDA algorithm is an e-stationary

solution.

Proof 7 Using the parameters in (4.52a]), we have

Then we can bound PO by the following

c 3L
PP =[2+2(1—py)*+ (L= py)(c+py)] da+ 5(2amax(BTB)(d4 + ng) + Ldy)

< (6 4 20max (BT B))dy + (30 max (BT B)L + L)ds.

Therefore using (4.50) we conclude

PN < 2Pfﬁ < 4((6 + 20max (BT B))dy 4 (30max (BT B)L + L)dy)e.

Note that the constant in front of € is not dependent on algorithm parameters. This implies that ¥ || \"T1||* =

O(e). Q.E.D.

Remark 1 First, in the above result, the e-stationary solution is obtained by imposing the additional
assumption that the initial solution is feasible, and that \° = 0. Admittedly, obtaining a feasible initial
solution could be challenging, but for problems such as distributed optimization and subspace estimation
, finding feasible 2 is relatively easy. Second, the penalty parameter could be large because it is inversely
proportional to the accuracy. Having a large penalty parameter at the beginning can make the algorithm
progress slowly. In practice one can start with a smaller p and gradually increase it until reaching the
predefined threshold. Following this idea, in the next section we will design an algorithm that allows p to

increase unboundedly, such that in the limit the exact first-order stationary solution can be obtained.

Remark 2 We comment that the convergence analysis carried out in this subsection differs from the recent
analysis on nonconvex primal/dual type algorithms, which is first presented in Ames and Hong [5] and later
generalized by [T7, 162, (154, (95, [53]. Those analysis has been critically dependent on bounding the size of
the successive dual variables with that of the successive primal variables. Unfortunately, this can only be
done when the primal step immediately preceding the dual step is smooth and unconstrained. Therefore the
algorithms and analysis presented in these works cannot be applied to our problem , or the applications
mentioned in Section [[.1.3
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4.2.3 Convergence Rate Analysis
In this subsection we briefly discuss the convergence rate of the algorithm.

To begin with, assume that parameters are chosen according to , and Ax® = b, \° = 0. Also we will
choose 1/p and « proportional to certain accuracy parameter, while keeping 7 = py € (0,1) and ¢ fixed to

some absolute constants. To proceed, let us define the following quantities

H" := f(z")+ h(z") + (A", Az" = b), (4.53a)
T v ro\T— 1 r r

Gl .= IVH(z", A 1)||2 + ?H/\ R ||2, (4.53b)
Q" = ||[VH(z", A" "Y)||? + || Az" — b))%, (4.53¢)

where VH" is the proximal gradient defined as

7 17T r T 1 r r
VH" =z —prox§+L(X) x —§V(H —h(z"))] . (4.54)

It can be checked that Q(z",A\"~!) — 0 if and only if a stationary solution for problem is obtained.
Therefore we say that an #-stationary solution is obtained if Q" < 6.

Note that the -stationary solution has been used in [62] for characterizing the rate for ADMM method.
Compared with the e-stationary solution defined in Definition 1, its progress is easier to quantify.

Using the definition of proximity operator, the optimality condition of the z-subproblem (4.12a)) can be

equivalently written as

1
27— prOX§+L(X) |:117T+1 _ B [Vf(l’r) 4+ AT+ ﬂBTB(:Er+1 _ zr)]

By using the non-expansiveness of the prox operator, we obtain the following

B 2
IVH"|* =

1
x — proxﬁﬂ(x) |::ET — BV[HT — h(xr)]}

i prongrL(X) |:£CT+1 _ %[vf(xr) 4+ AT+ ﬁBTB(Z'T+1 _ {ET)]

2

B
. . 4 . . . .
= @HAT(/\’+1 = A+ 4T = BTB)(" —a")|?

1
—z" + proxﬁ_mm [mr - =V[H" - h(mr)]}

40 max (AT A

max(BTB)) 2"t — " || + I = AT,
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where in the last inequality we define B := I — BT B. Therefore,

G < by N = AT A bl — 2|, (4.55)
where b; = %(QVA) + p%, and by = 2+ 402, (BT B). Combining (£.55) with the descent estimate for the

potential function P. given in (4.28]), we obtain
Gtl<v [Pc(a:r, N LT - Po(am AT )\T)] , (4.56)

where we have defined
o max(bl, bg)

min(al, (12) ’

and one can check that V' is in the order of O(1/7) because a1 is in the order of ~; cf. (4.28).
Let R denote the first time that G" ™! reaches below a given number 6 > 0. Summing both sides of ([4.56)

over R iterations, and utilizing the fact that P, is lower bounded by P, it follows that

V(P2 - p) @ V(P4 CETIN) @3 V(P2 + (1 - 1y

<
b< R R R

where dy is given in ([4.40), and P? is given in (4.44)). Note that G"™! < @ implies that 1/p?||\"T! — \"||2 =
|Az" Tt — b — 4A"||2 < 0. From ({4.45) we have that

2P0
A <y [ v,
1—py
1 2P0
JAz™ 1 =B < = A = X[ 4 AT < V4 [
p L—py

It follows that whenever G™t! < 0 we have

It follows that

2

~ 2 PO
Q" = VH (" N|* + [[Az" — > < 0+ <\/§+ 1_;) : (4.57)

Let us pick the parameters such that they satisfy (4.30)) and the following

2P0y _ 2Py _

l—py 1-71
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Then whenever G™t! < 0, we have Q" < 50. It follows that the total number of iteration it takes for the

stationarity gap Q" to reach below 50 is given by

0 —)2d,
r< Y +<; )d)—o(;), (4.58)

where the last relation holds because V is in the order of O(%), 7 is chosen in the order of O(6), and P?, d,

and 7 are not dependent on the problem accuracy. The result below summarizes the our discussion.

Corollary 2 Suppose that Az® = b and \° = 0. Additionally, for a given § > 0, and 7 € (0,1), choose

v, p, ¢, B as follows

0(1 — 1
,y:( 7) p="1, c>;71, p>p, and > (3+2c)L.

2P g
Let R denote the first time that Q" reaches below 50. Then we have R = O (ai)

4.3 An Algorithm with Increasing Accuracy

So far we shown that PProx-PDA converges to the set of approzimate stationary solutions by properly choosing
the problem parameters following and . The inaccuracy of the algorithm can be attributed to the
use of perturbation parameter ~. Is it possible to gradually reduce the perturbation so that asymptotically
the algorithm reaches the ezact stationary solutions? Is it possible to avoid using very large penalty parameter
p at the beginning of the algorithm? This section designs an algorithm that addresses these questions.

We consider a modified algorithm in which the parameters (p, 3,7) are iteration-dependent. In particular,
we choose p" 1, 371 and 1/4""! to be increasing sequences. The new algorithm, named PProx-PDA with

increasing accuracy (PProx-PDA-TA), is listed in Algorithm @ Below we analyze the convergence of the new

Algorithm 6 PProx-PDA with increasing accuracy (PProx-PDA-TA)

Initialize: A\° and z°
Repeat: update variables by

" = arg min u(z,z”) + h(z) + (1 — p" Ty A", Az — b)

pr+1 9 ﬁr+1 12
a2+ e = (4:59%)
AL = (1-— pr+1,yr+l))\r + pTJrl (AxT+1 _ b) . (4.59b)

Until Convergence.

algorithm. Besides assuming that the optimization problem under consideration satisfies Assumption A, we

make the following additional assumptions:
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Assumption B

B1. Assume that

Py = e (0,1), for some fixed constant 7.

B2. The sequence {p"} satisfies

=~ 1 > 1

r+1 _

P oo, Zﬁ—oo’ Z(pm)z“x’v
r=1

r=1

Pl —p"=D>0,
for some D > 0. A simple choice of p"*! is p"t! = r + 1. Similarly, the sequence {y"*1} satisfies
YL <0, v 50, Yt =00, Y () < . (4.60)

B3. Assume that

o0
1
ﬂrJrl > 57’7 /6T+1 — o0, and ZW = o0,
r=1
Jeg > 1st. B =cop ™, for r large enough. (4.61)

B4. There exists A > 0 such that for every r > 0 we have ||A"|| < A.

We note that Assumption [B4] is somewhat restrictive because it is dependent on the iterates. In the
Appendix we will show that such an assumption can be satisfied under some additional regularity conditions
about problem . We choose to State [B4] here to avoid lengthy discussion on those regularity conditions
before the main convergence analysis.

Similar to Lemma our first step utilizes the optimality condition of two consecutive iterates to analyze

the change of the primal and dual differences.

Lemma 16 Suppose that the Assumptions A and [B1]-[B3] hold true, and that T, D, are constants defined in
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assumption B. Then for large enough v, there exists constant Cy such that

%IIM+1 - X7+ ;<Z: — DI + wllf+1 — e

+ g“:ﬂ”l — 2" |5 p

< S5 - e 4 FCE - DI+ E e = e

+ N =g — S i SO e

L Lo +D(L +2ﬂ’“+1||BTB||) e = a2, 57“20’” o e - (4.62)

Proof 8 Suppose that £ € Oh(x"T1). From the optimality condition for x-subproblem ([4.59al) we have for
all z € dom(h)

(V") + ATATT 4 g BT Bt — 27) 4 ¢7F o7t — 1) <.
Performing the above inequality for the (r — 1)th iteration, we have
(Vi +ATXN + 8"BTB(z" — 2" )+ €7, 2" —2) <0, V = € dom(h).

Plugging in © = x” in the first inequality, x = 2"+ in the second inequality and add them together, and use

the fact that h is convex, we obtain

(Vf@@") = Vfa"h) + AT =07

+ B BTB(a" ! —2") — B"BTB(z" — 2" 1), 2" —2") < 0. (4.63)

Let us analyze the above inequality term by term. First, using Young’s inequality and the assumption that f

is L-smooth i.e. (4.15)) we have

L L
(Vf(a"™1) = Vf(a"), 2™ —a") < e =2 +

“Nar =12

|z
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Second, note that we have

<AT()\T+1 o )\r)vxrjtl o l,r> _ <>\r+1 o )\T,A(.’tTJrl o xr)>
— <)\r+1 _ AT,A$T+1 _ b _ ,yr—i-l/\r + ,Yr+1)\r _|_,YTA’I"—1 _ ,yrAr—l _ AJ}T 4 b>

598 AL AT\
<)\r+1 _ )\7" — _’_,yr-i-l)\r _ ,yr)\r—l _ - >
p P

1 1
r+1 r r+1 r r r—1 r+1 T2
<)\ AT AT = (AT = A )>+(pr+1pT)>\ |

\ —

<)\r+1 /\r A — /\r71>7r + <)\r+1 _ /\r’/\r>(,}/r+1 _ ,Yr)

2 <p — ) (H)\TJFI . /\r||2 _ H)\r _ )\r71H2 4 ”()\r+1 _ )\7‘) _ ()\r . )\7‘71)”2)

T 'S T 1 1 s T
F I =X+ (- o ) I X

H.—l— S

= ANTEHE = AT = AT = AT,

+ 50

M| —

Summarizing, we have

(AT 7Y g1 ) > % (plr _ 7r> (||/\r+1 A2 A — )\7‘71”2)
5= A R)
+ (o = 407 = 5 a0 ) I - P
B (=) (et =P e - w1 R)
5T =) — A R)
o R e

Third, notice that

<Br+1BTB(xr+l _ xr) _ ﬂrBTB(a?T _ $T_1),$T+1 _ $r>
57‘

E3) _
= (B = B = a2t 4 o (2 = 2" pep = 27 = 2" B + w5 )

_ Br+l 1 I.T” ﬁr+1 BT ” rt1
2 BTE 2

i
o = Slle” = e+
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Therefore, from the above three steps, we can bound (4.63) by

1— r+1
M”)\TH )\r||2 ( r+2 r+1)||)\r+1H2+ ﬂ erJrl

L
7 =2 g + e = T

2p"
(1_7-) r r— 1 r r T BT T —
S 5 A=A 12+ 14 L a)IIA ||2+7||x — 2" g
L T r—1)2 T 1 1 r r4+1 r4+1 T2 r4+1 T2
F 5l = = (3 = (= )6 = )T = N L o
1 T T T T T /BT T
e AR i)] P\ EREAR TP (4.64)
Multiplying p” on both sides, we obtain
(1_7—) r41 2 T pr+1 r4+112 5T+1 ot r+1 r
SN X S DI 4 P o
r+1L
+ pTHxH»l _ Z‘T”Q
(1=7)\r 12, T, P 2, B7p" 12
< SN =X 4 S = DIV 4 S e = o e
pTL T r— T ' 1 1 ' T s T
el G R T TNy

pT'
+ Lo || = 2T P4 (T =y = (=) AP

2
N (B (p = p") L(p™*t —p)
2 2

o™+ — 0y + e+ — a2 - 22

w57 -

where we have used the following fact

0> pr B pr B pr pr+1 . S pr+1 .
- pr+2 pr+1 - p'r+1 pr+2 - pr+2 :

Further, by Assumption B we have p"t' — p" = D, also we have ||z — 2" ||, 5 < || BT B||||la" ! — 27|,

Therefore, we reach

1— r+1 r+1 r+1
(727)”/\r+1 o >\r||2 + I(P 7 1)||)\r+1||2 + 57/)”307%1 o

5 e ) xTH%TB
* %llﬂ“ —a"|?
< O e s T+ 2 o g
+ 2o — =t = Tt g 4 S e
L L+ D +26T+1||BTB||) e+ — |2 — BT i B 12 (4.65)

where the last inequality is true using the following relations:
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e To bound the term 4" +2 — 4" TL — (471 — ") we have

42 41 41 - T T T T
i O _’yr)(pf“+2_p7"+1_pr+1+pr>
pr+2 _ pr 2’7’D2

prpr+1pr+2 - prpr+1pr+2 :

Thus there exists a constant C7 such that

P r r r r Gy (’YT+1)2
S (T = (T =) £
2 2
e For large enough r
D(2 —
T D@-7) T).
- p'r‘Jrl
The proof of the lemma is complete. Q.E.D.

Now let us analyze the behavior of T'(x, \) which is originally defined in (4.23)) in order to bound the descent
of the primal variable. In this case, because T is also a function of p and « (which is also time varying), we

denote it as T'(z, \; p, 7).

Lemma 17 Suppose that the Assumptions Assumptions A and [B1]-[B3] hold true, 7 and D are constants

defined in Assumption B. Then we have

r+2 r4+2\2
T T T T ’y D fy T kA
Tt ) 4 (1= T - 20D prep ) e
r4+1 r4+1\2
gl Dy r
<T@ X + (-0 T - 2D by e

Br+1_3L . .
(e e

1 ,yr+1 D(,Yr+1)2
1— _ )\r+1 _ )\r 2
T ﬂ(ﬂﬂ R el n

r+2)2

1— r+1 _ r+2 D
4 ( 7—)(7 5 Y ) ||)\r+l||2 + (72
r+1\2 _ r4+2\2
T

I

Proof 9 Following the same analysis as in [(4.25)), we have that the T function has the following descent
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when only changing the primal variable

T(a" AT pr ™) — T, AT p A
ﬂrJrl _ 3L ; ,
< —(2 27 — 272, (4.67)

Second, following (4.26)), it is easy to verify that

T(SL’T+1, )\r—&-l; pr—i-l’,yr—&-l) _ T(:L’T+1, )\r; PT+17’7T+1)

AL a2 ,YT+1 - , - .
sﬂ—ﬂ(” = (w|%WA“W—HAH—AWﬂ

pr+1 2
H)\rJrl _ )\r||2 ,Yr+1 , ’YT+2 ;
= P R
r+1 r+2 r+1
g 0 r i r r
- (D = T = T et - ), (4.68)

The most involving step is the analysis of the change of T when the parameters p and v are changed. We first

have the following bound

T(.’I}T—H, )\r+1;pr+2’,yr+2) _ T(Z‘H—l, )\r-i—l;pr-&-l,,yr-i-l) (469)
r+1 r
r r r 4 — P r
= (1= 7)(y" T =) 4 e Aar 2
= (1 =7y =) ?

D : D
(e =) =y NP = NP+ DG AaT )

(a) ®) (@

The term (a) in (4.69) is given by

D
DR

D
EH(Axr-i-l _ b) _ ’YT—H)\T”Q _ |)\T+l _ )\r”Z. (470)

The term (b) in (4.69) is given by

D

T T T D T
e LN Gl e P (471)
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The term (c) in (4.69) is given by

)\r+1 —\r

D<,yr+1/\r’ A:L'T+1 _ b> _ D<,yr+1)\r, — 4 ,Yr+1)\r>
p
r+1\2
T T ’y T T T T
= DN+ DO e g - et - v, (472)
So collecting terms, we have
r+2 r+2\2

Pl gl 2 gl D~y D . r

T ) 4 (- T = 20D D) s
r+1 r+1\2
T T T T ’Y D(’Y ) D T ks
<7 Xt (-0 D - 2O g D) e

BrJrl — 3L . ;

— ()" —a"?
1 ,Y'r‘+1 D("}/TJrl)Q

1 _ _ Ar+1 _ )\r 2
+1-m) (o - T+ 505 ||

-7 r r T r D T
+ G = AT 4 (R A

r+1\2 _ r+2\2
27
The lemma is proved. Q.E.D.

In the next step we construct and estimate the descent of the potential function. For some given ¢ > 0, we

construct the following potential function

PIFL =T (24 XY prt? ) (4.74)

r+2 r+2\2
gl D(y™)?* D, r
(R e G | N

(L=7) 41 ez TP 412
o2 - x g+ g - vl

Br+1pr+1

+7”$T+1—$TH2 +Q” r+1 _ r||2
9 BTB 5 I T lIBTB |-

Lemma 18 Suppose that the Assumptions A and [B1]-[B3] hold true, and let 7 and D be the constants

defined in Assumption B. Then for large enough r we have the following for the potential function P,

pril_pr<_ (5"+1_3L
(& c — 2

_ chr _ CDL_cBr-i-lHBTBH)erJ,-l _$7.||2

T T T T /BT " T
— eZ X = N2 4+ Do(y ) = o= " e (4.75)
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where Dqy is a positive constant.

Proof 10 According to Lemma[16] and Lemma([I7, for large enough r we have

r+1 T ﬂr—i—l — 3L r r+1 T r+1 712
i —F s | =5 —cLp" =eDL—cf" | B B| | 2" — 27|

T 1 77'-‘,—1 D(77‘+1)2 r4+1 T2
~(ep-a-n (G-I X+ X

72(1—71)
(=)t =+

r42

D 2 T AT
n Va4 PO e Bz
2 2 2
r+1\2 _ (Ar+2)2 Cq (v T1)2
+D(7 ) 5 () ||)\r+1“2+c%”)\r+1”2. (4.76)
T

From the properties of perturbation parameter " given in (4.60) we can observe that

,.y’r’Jrl _ ,yr+2 < €7r+17r+2 < €(7T+1)2'

Utilizing this result together with the Assumption [B6] related to dual variable \, we obtain the following
relations for large enough r

(1=71)(y" ' =~""?)
2

1— r+1 2A
A2 < p=7O)A T)y )’A (4.77)
T

Similarly we also have

r+1\2 r+1\2
CCl(’Y ) ||>\T+1H2§ cCrA(Y"™) .

2 2

Moreover, since (v"t1)2 — (v"+2)2 < (v"*1)2 ) and v" T2 < 4" L, we have

DA

2= .
D P e &

2T
D DA,
(RSN < DR

)

(4.78)
Let us set

D1 —7)A c¢CiA DA DA
+ + —

Dy : ———
0 27 2 5r T 9

which adds up the constants in front of (y"t1)2 in the above terms. We can therefore bound the difference of
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the potential function by

r+1 T 5T+1 — 3L r r+1 T r+1 2
protopr < —(BE 23 ory —epr— g BT ) ot - o)
T 1 ,yr-i-l D(’7T+1)2
o (1= _ )\7‘-1-1 —\ 2
(g-0-7 (5 - T+ 2L ||

r BT " r
+ Do(y"*)? = =L e

2

(4.79)

Since (1 —7) (TIH - A’T;l + D(WHI)Q) — 0, we can find ro large enough such that for r > rg

T2(1—7)

1 ,yr+1 D(,yr+1)2 cT
1 - <.
(1=7) <pr+1 2 T )1

Thus, for r > ro we have

r+1 r BTJrl — 3L r r+1 T r+1
Pt pr<— #—CL,O —cDL — ¢ ||B* B ) ||l2" —
Tiyr+1 T2 4142 S —
— 2N = N2 4 Doy = =L e

The claim is proved.

Note that by Assumption B we have that

(4.80)

CETHQ

(4.81)

Q.E.D.

(4.82)

Therefore to ensure the potential function decrease eventually, we need to pick the constants in the following

way [note that by (4.61)), cop™ ™! = 871

r+l _ 3L
Copf —cLp” —c¢DL — cCopH—lHBTBH > 0.

It is clear that if constant ¢ is picked such that

co
2(L + | BTBIl)

0<c<

Then the above inequality is satisfied for large enough 7.

In this step we show that the potential function is lower bounded.

(4.83)

(4.84)

Lemma 19 Suppose that the Assumptions A and [B1]-[B3] hold true, and that the constant ¢ is chosen such
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that
O<e<—". (4.85)

Then the potential function P! defined in (4.74) is lower bounded.

Proof 11 Let us rearrange the terms of the potential function

PIL = T(ar N R 442 (4.86)
(1-7)D(y"*?)?  (A—7—cD)y"*2\ e
+ + AT
2T 2
1—171 r+1 r+1 L r41
+ C<( 5 )H)\r-&-l _ )\r||2 4 ﬁ 2p er-&-l _ "I"TH?BTB 4 p2 ||.’L'T+1 _ xr|2)-

First of all, we note that if we set 0 < ¢ < 1_77 then the coefficient in front of ||\"*1||? is positive. Let us

analyze T(x™ 1 N+ pr+2 47+2) - We have the following

<)\r+1 o pr+2ryr+2>\r+1 Axr+1 o b o ,Yr+2Ar+1>
1—

_ pTJrZ— <)\r+17 )\r+1 _ )\7") + (1 _ T)<)\r+1),yr+1>\r _ ,yr+2)\r+1>
1—

_ T+z— <>\r-|—17 )\r-i-l o )\r> + (1 o T)’}/T+1 <)\r+1’ A — )\r+1>
P

+ (1 o T)(’}/T+1 o ,Yr+2)||/\r+1H2

1—
> (7«.&.? _ (1 _ T),}/T-‘rl) <)\T+1’ )\T+1 _ )\7‘>
p

1 T T T T
= gl = T2NFHPE = TP+ AT = A7)

> (1_7—)2(

1 T 1 T
22— F”)\ - ﬁll/\ ). (4.87)

It follows that the sum Y oo T(z" T AL pr 2 4"F2) 45 lower bounded. The claim can then be proved by
using a similar argument as in Lemma [13 Q.E.D.

Finally we put all the previous lemmas together to present the main convergence results for the PProx-

PDA-TA.

Theorem 8 Suppose that Assumptions A-B hold true, and that 7, ¢ and D are picked such that (4.84)
and (4.85) are satisfied. Then every limit point of the sequence generated by PProx-PDA-IA is a stationary
solution of problem (4.1)).
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Proof 12 In this proof we pick a special case of B satisfying BT B = I, in order to avoid unnecessarily
complicated notation. The proof is a modification of the classical result in [15, Proposition 3.5].

Combining Lemma[16l and Lemma we have

DB et —aT|? <oo, DA = NP < oo (4.88)
r=1 r=1

DB =2 = (@ -2 < e (4.89)
r=1

From we have \"T1 — X" — 0, which implies that From , we have
(p" T (Az™ —b) — TA" — 0. (4.90)
Combined with the fact that X" is bounded, and p"t' — oo, we conclude
Az™ — b — 0. (4.91)

Let (x*,\*) be a limit point of (z" 1, \"T1). Comparing the optimality condition of the problem (4.1) and
the optimality condition of x-subproblem (4.59a)), in order to argue convergence to stationary solutions, we

need to show
BTzt — 27| — 0. (4.92)
Next we show such a claim. To proceed, let us define
o= g (g g7, (4.93)
From (4.89)), it is easy to show that
o™ =T =[BT (2T~ 2") = BT (2" — 2" )] = 0. (4.94)
From the first inequality in (4.88), we have
1
Z ﬁ”’UT+1”2 — 0. (495)
r=1 ﬁ

This relation combined with Assumption [B3] implies: liminf |[v" 1| = 0.
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Let us pass a subsequence K to (", \") and denote (x*,\*) as its limit point. For notational simplicity,

in the following the index set {r} all belongs to the set K. We already know from the previous argument that

liminf, o [|[0" Y| = 0. Then it is clear that lim, o [[v" ]| = 0 if and only the following condition is true
lim [[o"" — 0" =0, V>0 (4.96)
r—00

Let us construct a new sequence
2L = AT\ 4yt (4.97)

Clearly liminf, oo 2711 = ATX*, because along the subsequence X" converges to \*. It is also easy to show

that (4.96) is true if and only if the following is true

lim [[2""t — 2" =0, Vit>0. (4.98)

T—00

Suppose that ([4.98) is not true. Hence there exists an € > 0 such that ||2"|| < ||[AT\*|| + €/2 for infinitely
many r, and |27 > ||ATN|| + €/2 for infinitely many r. Then there exists an infinite subset of iteration
indices R such that for each r € R, there exits a t(r) such that

27l < IATA |+ e/2, (12" > [ATA"]| +,
(4.99)

NATX | +e/2 < |28 < |ATX || 46, Vr<t<t(r).
Also from the fact that |[v"t —o"|| = 0 and |A"TP — X7|| = 0, we can conclude that ||z — 27| — 0.
Therefore, we must have

3e

1271 = 5 + 14T (4.100)

Let r be large enough such that

[ATX | = AT < AT =X < - (4.101)

o
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Then we have

[f] < JATAH| + [JATA || + e < 2(|ATM*|| +€), V7 <t <t(r), (4.102a)

o'l = 1 = AN 2 ) — AT - £ S v <t <o), (4.102b)
T r r r * € " €

ol = 1271 = ATAT = [l=7] = AT = 7= 5 (4.102¢)

From the definition of t(r) we have that for all r € R the following is true

t(r)—

6 ‘.
< O] — 127 < Z Easr ) (4.103)

V] \

Next, we make the following simplification that X =R and h = 0 to avoid lengthy discussion. The subsequent
proof holds true for the general case as well, using the same techniques presented in [I17, Theorem 4]. From

the optimality condition (4.63|), and with the above simplification, we obtain

A=V f(ah) — Vf(th, (4.104)

which implies that

[ = 12 < Lt - '] = = o], (4.105)

51‘,

Combining this result with (4.103)), we obtain

t(r)—1 -m t(r)—1 1
3 < L Z ||”t|| 2L(JA" N +¢) > 2 (4.106)
t=r
Which implies that
t(r)—1
AT(NAT Y+ 1 o) 4.107
AT S o (4107)
Using the descent of the potential function (4.79) we have, for r € R and r large enough
t(r)—1 C t(r)—1
T T 5
PO =PI = 3 g+ 30 Cai N
t=r —
C 2
. - (4.108)

< - 7o @
~  L(JJATX|| +€) 64
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where the last inequality we have used the fact that

Ro—)OO
r=RO

lim )" Cs(y"™)? A2 =0,

and equations (4.102b)) and (4.107). This means that the potential function goes to —oo, a contradiction.

Therefore we conclude that
lim |z
T—>00

which further implies that

lim o™t — 0"t =0, Vt¢>0.
rT—00

Combined with the fact that liminf |0 || = 0, we conclude that
lim [[v" | = 0.
r—00

We conclude that every limit point of the sequence is a KKT point.

4.4 Numerical Results

T =0, Vit>0.

(4.109)

(4.110)

(4.111)

Q.E.D.

In this section, we customize the proposed algorithms to a number of applications in Section [4.1.2] and

compare with the State-of-the-art algorithms.

4.4.1 Distributed Nonconvex Quadratic Problem

In this subsection we consider the nonconvex ¢; penalized, nonnegative, sparse principal component analysis

(SPCA) problem [8]. Distributed version of this problem [which is a special case of problem (4.1])] can be

modeled as below

N
min Z —x] D + oz
T
i=1

st |lP<1, x>0, i=1,--

(4.112)

, N

Ax =0; Consensus Constraint

where x; € R” for each 4; x := {z; i]\il stacks all z;’s, ¥; € R%*? is the

covariance matrix for the mini-batch

data in node i; o > 0 is a constant that controls the sparsity. Let us define  := 4 Zf\il x;, h(Z) = af|lZ||1,
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f(z) = Zf\]:l 27,2, and X := {x; | |2]|> < 1,2 > 0}. The stationary gap and the constraint violation for

this problem is defined as below

2

staionary-gap = ||z — prox,,, [z — Vf(z)]| , con-vio= ||Az|?. (4.113)

At this point, one can certainly use Algorithm 1 or Algorithm 2 to solve problem . However, the
resulting z- subproblems for both algorithms are difficult to solve due to the fact that computing the proximity
operator for nonsmooth function al|z||1 + ¢z2<1(2) + tz>0(x) does not have a closed form (where tx (z)
represents the indicator function for convex set X'). On the contrary, the proximity operators for the individual
component functions all have closed-form. To utilize such a problem structure, we divide the agents into three

subsets, each with a distinctive regularizer. Let us denote r = | N/3]. The new reformulation is given below

s

N
min Z (-] Sz + ||x1|| Z z) Six; — Z z] S (4.114)

=1 1=r+1 1=2r+1
st [z)* <1, i=r+1,---,2r
x; > 0, i=2r+1,--- N

Ax =0 Consensus Constraint.

To the best of our knowledge, no existing methods for nonconvex distributed optimization can effectively deal
with the above problem (at least not with theoretical convergence guarantee to stationary solution). The
major difficulty is to deal with the agent-specific nonsmooth terms. For comparison purpose, we consider the
DSG algorithm [I00], and the NEXT algorithm [89]. In our numerical result, the graph G is generated based
on the scheme proposed in [139]. In this scheme a random graph with N nodes and radius R is generated with
nodes uniformly distributed over a unit square, and two nodes connect to each other if their distance is less
than R. The test problems are generated in the following manner. The number of agents, the network radius,
the problem dimension, and the sparsity parameter to be N = 20, R = 0.7,d = 10, « = 0.01, respectively.
For PProx-PDA algorithm we set perturbation parameter v = 10~%, and p and 3 are picked such that they
satisfy the theoretical bounds given in . For PProx-PDA-IA we set the increasing penalty p = 5 = 40r,
and decreasing perturbation v = 1073 /r. For the DSG algorithm the stepsize is set 0.1/ (this choice is made
so that DSG has the best performance). The parameters for NEXT are tuned according to the description in
[89, Theorem 3|. Each algorithm is run for 20 independents trials, with random initialization and randomly
generated data. The results are plotted in Fig. 1] and [£.2] In the figures, dashed lines with light colors are
used to show the performance for each individual trial, while the solid dark lines are the average performance

over all 20 trials. From the plots it can be observed that the proposed algorithms, especially the increasing
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stepsize version, outperform both DSG and NEXT.
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Figure 4.1: Comparison of proposed algorithms with Figure 4.2: Comparison of proposed algorithms with
DSG [100] and NEXT [89] in terms of stationary =~ DSG [100] and NEXT [89] in terms of constraint

gap for problem [4.114] with parameters N = 20, R = violation for problem [4.114] with parameters N =
0.7,d =10,a = 0.01. 20,R=0.7,d =10, = 0.01.

To see more numerical results we compare different algorithms with different problem setups. The
algorithms are run for 20 independent trials with randomly generated data and random initial solutions in
each individual trials. All algorithm parameters are set to be the same as in the previous experiment. The
comparison results are displayed in Table The first column describes the problem parameters including
number of agents N, number of variables n, and the network radius R, while ‘Algl’ and ‘Alg2’ stand for
PProx-PDA and PProx-PDA-TA, respectively. It can be observed that in all scenarios the proposed algorithms

outperform DSG.

Table 4.1: Comparison of proposed algorithms with DSG algorithm. Algl and Alg2 denote PProx-PDA and
PProx-PDA-IA algorithms respectively.

Stationary-Gap Cons-Vio
Parameters Algl Alg2 DSG Algl Alg2 DSG
N=5n=80,R=0"7 19E4 6.0E-5 9.0E-4 6.0E-6 9.5E-7 4.3E-5
N=20,n=15,R=0.7 13E-4 50E-8 94E-5 1.7E-3 6.8E-6 0.013
N =30,n=20,R=05 6.3E-5 21E-8 26E-4 7.0E-3 64E-7 0.06
N =40,n=30,R=0.5 2.0E-4 49E-8 1.5E-3 &8.1E-3 1.5E-6 0.05

4.4.2 Nonconvex subspace estimation

In this subsection we study the problem of sparse subspace estimation . We compare the proposed
PProx-PDA and PProx-PDA-IA with the ADMM algorithm proposed in [48, Algorithm 1]. Note that the
latter is a heuristic algorithm that does not have convergence guarantee. We first consider a problem with
the number of samples, problem dimension, and MCP parameters chosen as n =80, p =128, v =3, b = 3,
respectively. For PProx-PDA we set perturbation parameter v = 1074, and p and 3 are chosen to satisfy
the theoretical bounds given in . For PProx-PDA-TA we set increasing penalty p = 8 = 5r, and
decreasing perturbation v = 10~ /r. The data set is generated following the same procedure as in [48]. In

particular, we set s = 5 and k = 1, the leading eigenvalue of its covariance matrix ¥ is set as 1, = 100, and
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its corresponding eigenvector is sparse such that only the first s = 5 entries are nonzero, and they take the
value 1/v/5. The rest of the eigenvalues are set to be 1, and their eigenvectors are chosen arbitrarily. For
all three algorithms we measure the stationarity gap, the constraint violation.The result, which are from
20 independent trials with random initial solutions, are plotted in Fig. As shown in these figures,

compared to the ADMM algorithm, the PProx-PDA-IA algorithm converges faster, and to better solutions.
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Figure 4.3: Comparison of proposed algorithms with Figure 4.4: Comparison of proposed algorithms with
ADMM in terms of stationary gap for nonconvex =~ ADMM in terms of constraint violation ||Az||? for

subspace estimation problem with MCP Regular-  nonconvex subspace estimation problem with MCP
ization. The solid lines and dotted lines represent Regularization. The solid lines and dotted lines rep-
the single performance and the average performance,  resent the single performance and the average per-
respectively. formance, respectively.
10°
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Figure 4.5: Comparison of proposed algorithms with ADMM in terms of Global Error for non-convex subspace
estimation problem with MCP Regularization. The problem parameters are n = 80, p = 128, v =3, b = 3.
The solid lines and dotted lines represent the single performance and the average performance, respectively.

Our next experiment is designed to see the effect that the problem parameters (i.e. n, p, k, and s) have
on the solution quality. Here, we compare the PProx-PDA-IA [with p = O(r),y = O(1/r)] with ADMM
algorithm with stepsize p = 5. Both algorithms will be run for 200 iterations. In this experiment we generate
data sets with s = 10, k = 5, and vary other problem parameter. For this dataset the top five eigenvalues

are set as \; = --- = Ay = 100 and A5 = 10. To generate their corresponding eigenvectors we sample its
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nonzero entries from a standard Gaussian distribution, and then orthnormalize them while retaining the first
s = 10 rows to be nonzero [48]. The rest of the eigenvalues are set as A\¢ = --- = A, = 1, and the associated
eigenvectors are chosen arbitrarily. The results in terms of the error Hf[ — IT*|| are shown in Table In all
scenarios the proposed algorithm PProx-PDA-IA outperforms ADMM.

Table 4.2: Comparison of PPox-PDA-IA with ADMM in terms of Global Error ||II — II*|| for nonconvex
subspace estimation problem with MCP Regularization.

[T =10
Parameters PProx-PDA-IA ADMM

n=30,p=128k=1,s=5 0.045 4 0.02 0.052 4 0.02
n=80,p=128,k=1,s=5 0.024 £+ 0.01 0.028 +0.08
n=120,p=128,k=1,s=5 0.020 & 0.07 0.021 +0.06
n=150,p =200,k =1,s=5 0.022 +0.07 0.022 +0.07
n=380,p=128k=1,s =10 0.048 +0.01 0.062 £+ 0.01
n=280,p=128k=5,s=10 0.21 £0.05 0.29 + 0.02
n=128,p =128,k =5,5s =10 0.18 +0.02 0.25 +0.02
n="70,p=128k=5,s=10 0.26 £ 0.03 0.33 +£0.03

Further, the True Positive Rate (TPR) and False Positive Rate (FPR) [68] are measured and the results
are displayed in Table to see the recovery results. For this problem the event of being zero in vector
v = |supp(diag(IT))| (here II denotes the output of the algorithm) is considered as positive event. Let P
denotes the number of positives, and S denotes the number of non-zeros in the ground truth vector denoted
by IT*. Further, let us use F'P and TP to denote false positive and true positive respectively. In particular,
F'P counts the number of positive events (i.e. zeros in our case) in vector IT which are nonzero in ground
truth vector IT*. In contrast, TP counts the number of zeros in 11 which are true zeros in IT*. Given these

notations, the FPR and TPR are defined as follows

FP TP
FPR= -, TPR=—%. (4.115)

In terms of TPR both algorithms work perfectly well. However, PProx-PDA-IA gets lower F'PR compare to

the ADMM algorithm.
Table 4.3: Recovery results for PPox-PDA-TA and ADMM in terms of TPR and FPR.

TPR FPR
Parameters PProx-PDA-IA°  ADMM  PProx-PDA-IA ADMM
n=30,p=128k=1,s=5 1.0+ 0.0 1.0+ 0.0 0.00 4+ 0.00 0.00 4 0.00
n=80,p=128k=1,s=5 1.0+ 0.0 1.0+ 0.0 0.00 4 0.00 0.00 4 0.00
n=120,p=128,k=1,s=5 1.0£0.0 1.0+ 0.0 0.00 +0.00 0.00 +0.00
n=150,p=200,k=1,s=5 1.0+ 0.0 1.0+ 0.0 0.00 4+ 0.00 0.00 4 0.00
n=280,p=128,k=1,s =10 1.0£0.0 1.0+ 0.0 0.00 4 0.00 0.00 4 0.00
n=280,p=128,k=5,s =10 1.0+ 0.0 1.0 +0.0 0.53 +0.03 0.56 +0.04
n=128,p =128,k = 5,5 = 10 1.0+ 0.0 1.0£00 0574001  0.59+0.02
n="T0,p=128k=5,s=10 1.0£0.0 1.0£0.0 0.53 +0.05 0.54 +0.01
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4.4.3 Partial Consensus

The partial consensus optimization problem has been introduced in . As Stated in the introduction, we
are not aware of any existing algorithm that is able to perform nonconvex partial consensus optimization
with guaranteed performance. Let us consider regularized logistic regression problem [7] in a network with
N nodes, in mini-bach setup i.e. each node stores b (batch size) data points, and each component function is
given by
filz [Zlog 1+ exp(—yi;x] vij) _i_zliazxzk}

where v;; € RM and yij € {1,—1} are the feature vector and the label for the jth date point in i-th agent, &
and 3 are the regularization parameters [7].

We set N =20, M =10, b = 100, B = 0.01, & = 1. The graph G is generated similar to the problem in
subsection The PProx-PDA and PProx-PDA-IA algorithms are implemented for the above problem.
Both algorithms stop after 1000 iterations, and we measure the averaged performance over 20 trials, where
in each trial the data matrix and the initial solutions are generated randomly independent. In Fig. the
stationary gap for the problem has been plotted. It can be observed that the gap is vanishing as the algorithm
proceeds, and it appears that PProx-PDA-IA is faster than PProx-PDA. Fig. displays the constraint
violation for the PProx-PDA algorithm. It is also interesting to observe that when reducing the constraint

violation error (represented by ¢ > 0), the resulting solution indeed achieves higher degrees of consensus.
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Figure 4.6: The stationary gap achieved by the

proposed methods for the partial consensus prob- Figure 4.7: Constraint Violation ||Az|| achieved
lem. The solid lines and dotted lines represent the by the proposed methods for the partial consensus
single performance and the average performance, problem with different permissible tolerance (.
respectively.

4.5 Conclusion
In this paper, we have proposed perturbed primal-dual based algorithms for optimizing nonconvex and
linearly constrained problems. The proposed methods are of Uzawa type, in which a primal gradient descent

step is performed followed by a (approximate) dual gradient ascent step. We have performed theoretical
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analysis for the convergence of the algorithm, and tested their performance on a number of statistical and
engineering applications. In the future, we plan to investigate, both in theory and in practice, whether the
perturbation is necessary for primal-dual type algorithms to reach stationary solutions. Further, we plan to
extend the proposed algorithms to problems with stochastic objective functions.

Acknowledgment. The authors would like to thanks Dr. Quanquan Gu who provided us with the codes to

perform the numerical results in [48)].

4.6 Appendix

In this section, we justify Assumption [B4], which imposes the boundedness of the dual variable. In particular,
we discuss two situations in which the dual variables are guaranteed to be bounded. Throughout this section,
we will assume that Assumption A and [B1]-[B3] hold true.
Case 1). In this case, we make use of some constraint qualification to argue the boundedness of the dual
variables.

Assume that the so-called Robinson’s condition is satisfied for problem at & [112, Chap. 3]. This

means the following holds

.

where d, is the tangent direction for convex set X, and Tx (&) is the tangent cone to the feasible set X at the

dy € Tx (&) } =RM, (4.116)

point z. Utilizing this assumption we prove that the dual variable is bounded.

Lemma 20 Suppose that the Robinson’s condition holds true for problem (4.1). Then the sequence of dual
variable \" generated by (4.59b)) is bounded.

Proof 13 Let us argue by contradiction. Suppose that the dual variable is not bounded, i.e.,
IN"]| = oc. (4.117)

Using Assumption [B3] we have the following identity (for large enough )

ﬁr+1pr+1

||xr+1 _ xr”Q _ (6r+1)2 ||
2 2

Pl | (4.118)
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From Lemma[18, we have that [also cf. ([£.88)]

DI = AT < oo, (4.119)
r=1
which implies that
1 r+1(2 1 2
o AT = ;IIA I* = 0. (4.120)

Plugging this result into (4.87), we conclude that the following inner product is lower bounded

<)\r+1 o pr+2’yT+2>\T+17A£L'T+1 o b o ,}/7“+2)\7‘Jr1>7

and this further implies that T (x" 1, \THL; pr+2 47+2) s lower bounded [by using the definition of T function
in (4.23)]. By Lemma[19 (resp. Lemma[1§), we conclude that the potential function is lower (resp. upper)
bounded. Ezxamine the definition of the potential function in (4.86) and use the choice of ¢ in (4.85) we

conclude that except T(x" T2 N tL pr 2 ~7+2) ]l the rest of the terms are all nonnegative. Using the lower

boundedness of T, we conclude that the term WHIT‘H — a"||? in the potential function is bounded.
Therefore, there exists D1 such that
Bttt — 2| < Dy. (4.121)

Note that all the results mentioned above do not assume the boundedness of the dual variable.

From the optimality condition of x"+1 we have for all x € X

(V") + &+ AT 4 g IBT B2+ — 27), 2 — 2" T1)) > 0.

Note that B7+||x"T1 — 27| is a bounded sequence, so does B*BT B(z"*+! — 2"). Suppose that {\"} is not
bounded, let us define a new bounded sequence as u" = \"/||\"||. Let (x*,u*) be a limit point of {x" 1, u"+1}.
Assume that the Robinson’s condition holds at x*. Dividing both sides of the above inequality by [[\"*1|| we

obtain for all x € X

<Vf(xr)/||)\r+1|| + gr—i-l/H)\r-i-lH + ATlur+1

+ BB B - o)A — 2T > 0.
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Passing limit, and utilizing the assumption that |\t — oo, and that X is a compact set, we obtain
(ATp* 2 —2*) >0, Ve X.

Utilizing the Robinson’s condition, we know that there exists a scaling constant ¢ > 0 that such c(A,x — z*) =
—up*. Therefore we must have p* = 0. However, this contradicts to the fact that |u*|| = 1. Therefore, we

conclude that {\"} is a bounded sequence. Q.E.D.

Case 2). In this section, we verify Assumption [B4] by further imposing conditions on the constraint set and
the nonsmooth terms.

Specifically we consider the following problem

K

K
{nir; flz)+h(x) = f(z)+ Z hi(xg) st Z Agxr =D, (4.122)
o k=1 k=1

where hj is a convex nonsmooth term that can include both regularizer and indicator functions for convex
set X. Setting K = 1, the above problem is equivalent to the original problem (4.1)).

Assumption C. Assume that for one of the block, say K satisfies the following:
Xk =R"%,  Ohgk has bounded domain. (4.123)

Note that the second of the above condition is possible for example when hg (k) = |2k ||, for some constant
g > 1. Further, we assume that the partial gradient of f with respect to xx, denoted by Vg f(z), is bounded
for all zx € dom (hg), and that Ax has full row rank.

Given the above assumption, the following lemma characterizes the bound for the dual variable.

Lemma 21 Suppose that the Assumption C holds true. Then there exists constant A such that
[ATTH2 <A, V>0, (4.124)

Proof 14 First, from the optimality condition of x-update (4.59a)) we have that for all k, and for all

xg € dom(hy)
(Vif(a") + ATNH 4 grHBT B — af) + € ol — ) <0, (1125)

where Vi f(z") denotes the partial derivative of f(x) with respect to the block variable xy, at x = z"; and

126



7€ Ohy(z™Y). In particular for the block K because it is unconstrained, we have
0=Vrf(a") +ARN T+ & + BT B2t — ay). (4.126)
Rearranging terms, we obtain
CARNH =) + €+ BHBT B — o). (4.127)

From Assumption C we know that theres exists My such that |V f(z") + €| < My. Together with the

previous identity, we get
[ARANFH? < 2M§ +2(8"71)?| BT B(ald ! — 2l Ve (4.128)

Utilizing the fact that o2 |\"TY|? < ||AZN+L||2, where 0% denoted the smallest nonzero eigenvalue of AL Ay,

we further have
r 2 T T r
IR < - (BT IBT B - af)|P+ DE] ¥ (4.129)
K

Here o > 0 because we have assumed that AL is full column rank in Assumption C. Combining this with

equation ([4.121)) one can find constant A such that ||\"71||? < A. The proof is complete. Q.E.D.

Appendix B

In this section we show how the sufficient conditions developed in Appendix A can be applied to problems
discussed in Section Specifically, we will focus on the sparse subspace estimation problem and the
inexact consensus problem .

We first show that Assumption C is satisfied for sparse subspace estimation problem . Recall that for
this problem we have two block variables (IT, ®), and h(®) := || @[y = >7_; >°%_, |#i;]. The subdifferential

the ¢; function can be expressed below, and it is obviously is bounded

1 if¢ij>0;
Adijl = { [~1,1] if ¢; = 0;

-1 if ¢ij < 0.
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Then we show that Vg f(II, ®) is bounded where f(II, ®) = <2, IT) + ¢, (®), and Vg f(I, ®) = Vgq, (®). For

the MCP regularization with parameter b, we have g, (®) = >7_, Z?:l ¢ (¢ij), where

O, < by;
2b 1 |¢Z]‘ = bl/7

ql/(¢ij) = )
—v|oij| + % if [di;] > b

Also, for ¢, (¢i;) one can simply check that

0q,(dij) % if [¢45] < bu;

Dby

—v sign(o;) i |¢i;] > b

This is obviously a bounded function. Finally the matrix A¢ = —I is full row rank matrix. In summary, we
have validated all the conditions in Assumption C.

Next we consider the partial consensus problem given in . To proceed, we note that the Robinson’s
condition reduces to the well-known Mangasarian-Fromovitz constraint qualification (MFCQ) if we set
X = R¥, and write out explicitly the inequality constraints as g(z) < 0. [I12, Lemma 3.17]. To State the

MFCQ, consider the following optimization problem

min  f(y) (4.130)

where f:RY = R, p: RY = RM and ¢ : RY — RF are all continuously differentiable functions. For given

feasible solution gy let us use A(g) to denote the indices for active inequality constraints, that is

A(g) =={1<j < Ps.t. g;(y) = 0} (4.131)

Then MFCQ holds for optimization problem (4.130]) at point ¢ if we have: 1) The rows of Jacobian matrix of

p(y) denoted by Vp(7) are linearly independent. 2) There exists a vector d, € RY such that

Vp(§)d, = 0,Vg;(9)"d, <0, ¥ je A). (4.132)

Below we show that MFCQ holds true for problem (4.8)) at any point (z, z) that satisfies z € Z. Comparing

this problem with (4.130) we have the following specifications. The optimization variable y = [x; 2], where
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z € RY stacks all z; € R from N nodes (here we assume z; € R only for the ease of presentation). Also,
z € R¥ stacks all 2, € R for e € £. The equality constraint is written as p(y) = [A, —I]y = 0, where A € REXN
and [ is an E x E identity matrix. Finally, for the inequality constraint we have g.(y) = 22 — ¢, < 0, and the
active set is given by A(y) := {e | 22 — & = 0}.

To show that MFCQ holds, consider a solution y* := (z*, z*) such that z* € Z. First observe that the

Jacobian of equality constraint is Vp(y*) = [A, —I] which has full row rank. In order to verify the second

condition we need to find a vector d,, := [d;;d.] € RVNTE such that

Ad, = d,, (4.133a)
zeldz)e <0 for e € A(y"), (4.133b)
where [d,]. denotes the eth component of vector d,. To proceed, let us take (dg,d,) = —(z*,2*). Clearly

Ad, = d, still holds true. Further, suppose the eth constraint is active, i.e., |2¥| = /&, then clearly

|[d-]e| = V&. Tt follows that [d.]e x z; = =& < 0 for all e € A(y*). Therefore condition (£.133D)) is also
satisfied.
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Chapter 5

Zeroth Order Nonconvex Multi-Agent

Optimization over Networks

Abstract

In this paper we consider distributed optimization problems over a multi-agent network, where each agent
can only partially evaluate the objective function, and it is allowed to exchange messages with its immediate
neighbors. Differently from all existing works on distributed optimization, our focus is given to optimizing a
class of difficult non-convex problems, and under the challenging setting where each agent can only access
the zeroth-order information (i.e., the functional values) of its local functions. For different types of network
topologies such as undirected connected networks or star networks, we develop efficient distributed algorithms
and rigorously analyze their convergence and rate of convergence (to the set of stationary solutions). Numerical

results are provided to demonstrate the efficiency of the proposed algorithms.

5.1 INTRODUCTION

Distributed optimization and control has found wide range of applications in emerging research areas such
as data-intensive optimization [63] [144], signal and information processing [46l, [115], multi-agent network
resource allocation [132], communication networks [80], just to name a few. Typically this type of problems

is expressed as minimizing the sum of additively separable cost functions, given below

N

min g(z) := Zf,(x), (5.1)

zeRM
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where N denotes the number of agents in the network; f; : R — R represents some (possibly nonsmooth
and nonconvex) cost function related to the agent i. It is usually assumed that each agent ¢ has complete
information on f;, and they can only communicate with their neighbors. Therefore the key objectives of
the individual agents are: 1) to achieve consensus with its neighbors about the optimization variable; 2) to
optimize the global objective function g(x).

Extensive research has been done on consensus based distributed optimization, but these works are mostly
restricted to the family of convex problems where f;(x)’s are all convex functions. In [98] a first-order method
based on the average consensus termed decentralized subgradient (DSG) has been proposed. Following
this work, many other first-order algorithms have been proposed to solve distributed convex optimization
problems under different assumptions on the underlying problem. For example in [98] DSG is extended
to the case where quantized information are used. In [I27] a local constraint set is added to each local
optimization problem. A dual averaging subgradient method is developed and analyzed in [33]. In [97] an
algorithm termed subgradient-push has been developed for a time-varying directed network. Other related
algorithms can be found in [86] 87, 1211 [67, 12]. The first-order methods presented so far only converge to a
neighborhood of solution set unless using diminishing stepsizes, however using diminishing stepsizes often
makes the convergence slow. In order to overcome such a difficulty, recently the authors of [50] and [120]
have proposed two methods, named incremental aggregated gradient (IAG) and exact first-order algorithm
(EXTRA), both of which are capable of achieving fast convergence using constant stepsizes. Another class of
algorithms for solving problem in the convex cases are designed based on primal-dual methods, such
as the Alternating Direction Method of Multipliers (ADMM) [122] 136, [64, 66}, [1T], many of its variants
[59, 24, 06], and distributed dual decomposition method [IJ.

Despite the fact that distributed optimization in convex setting has a broad applicability, many important
applications are inherently nonconvex. For example, the resource allocation in ad-hoc network [132], flow
control in communication networks [128], and distributed matrix factorization [58, (3], just to name a few.
Unfortunately, without the key assumption of the convexity of f;’s, the existing algorithms and analysis
for convex problems are no longer applicable. Recently a few works have started to consider algorithms for
nonconvex distributed optimization problems. For example, in [I46] an algorithm based on dual subgradient
method has been proposed, but it relaxes the exact consensus constraint. In [I7] a distributed stochastic
projection algorithm has been proposed, and the algorithm converges to KKT solutions when certain
diminishing stepsizes are used. The authors of [62] proposed an ADMM based algorithm, and they provided
one of the first global convergence rate analysis for distributed nonconvex optimization. More recently, a new
convexification-decomposition based approach named NEXT has been proposed in [89] [128], which utilizes

the technique of gradient tracking to effectively propagate the information about the local functions over
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the network. In [58, 54 56, 60], & number of primal-dual based algorithms with global convergence rate
guarantee have been designed for different network structures.

A key drawback for all the above mentioned algorithms, convex or nonconvex, is that they require at
least first-order gradient information, and sometime even the second or higher order information, in order to
guarantee global convergence. Unfortunately, in many real-world problems, obtaining such information can be
very expensive, if not impossible. For example, in simulation-based optimization [124], the objective function
of the problem under consideration can only be evaluated using repeated simulation. In certain scenarios of
training deep neural network [74], the relationship between the decision variables and the objective function
is too complicated to derive explicit form of the gradient. Further, in bandit optimization [2] B6], a player
tries to minimize a sequence of loss functions generated by an adversary, and such loss function can only
be observed at those points in which it is realized. In these scenarios, one has to utilize techniques from
derivative-free optimization, or optimization using zeroth-order information [125] [26]. Accurately estimating
a gradient often requires extensive simulation (see [40]). In certain application domains, the complexity of
each simulation may require significant computational time (e.g. hours). Even when such simulations are
parallelized approaches based upon a centralized gradient estimation are impractical due to the need to
synchronize. In contrast, a zeroth-order distributed approach has limited simulation requirements for each
node and does not require synchronization.

Recently, Nesterov [I03] has proposed a general framework of zeroth-order gradient based algorithms,
for both convex and nonconvex problems. It has been shown that for convex (resp. nonconvex) smooth
problems the proposed algorithms require O( %) iterations (M denotes the dimension of the problem) to
achieve an e-optimal (resp. e-stationary i.e. |V f(z)||* < €) solution. Further, for both convex and nonconvex
problems, the convergence rate for zeroth-order gradient based-algorithms is at most O(M) times worse than
that of the first-order gradient-based algorithms. Ghadimi and Lan [44] developed a stochastic zeroth-order
gradient method which works for convex and nonconvex optimization problems. Duchi et al. [32] proposed
a stochastic zeroth-order Mirror Descent based algorithm for solving stochastic convex optimization problems.
In [42] a zeroth-order ADMM algorithm has been proposed for solving convex optimization problems. The
complexity of O(%) has been proved for the proposed algorithm, where T denotes the total number of
iterations. Recently an asynchronous stochastic zeroth-order gradient descent (ASZD) algorithm is proposed
in [79] for solving stochastic nonconvex optimization problem. Following this work, a variance reduced
version of ASZD denoted by AsyDSZOVR is proposed in [65] for solving the same problem to improve the
convergence rate from (9(%) in ASZD to O(%) in AsyDSZOVR. However, the zeroth-order based methods
reviewed above are all centralized algorithms, hence they cannot be implemented in a distributed setting.

In this work we are interested in developing algorithms for the challenging problem of nonconvex distributed
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Figure 5.1: Left: Mesh Network (MNet); Right: Star Network (SNet)

optimization, under the setting where each agent ¢ can only access the zeroth-order information of its local
functions f;. For two different types of network topologies, namely, the undirected mesh network (MNet)
(ct. Fig. and the star networks (SNet) (cf. Fig. [5.1)), we develop efficient distributed algorithms and
rigorously analyze their convergence and rate of convergence (to the set of stationary solutions).

In particular, the MNet refers to a network whose nodes are connected to a subset of nodes through an
undirected link, and such a network is very popular in applications such as distributed machine learning
[39, ©94], and distributed signal processing [45], [I15]. On the other hand, the SNet has a central controller,
which is connected to all the rest of the nodes. Such a network is popular in parallel computing; see for

example [143] [78], [54]. The main contributions of our work is given below.

e For MNet, we design an algorithm capable of dealing with nonconvexity and zeroth-order information
in the distributed setting. The proposed algorithm is based upon a primal-dual based zeroth-order
scheme, which is shown to converge to the set of stationary solutions of problem (5.1)) (with nonconvex

but smooth f;’s), in a globally sublinear manner.

e For SNet we propose a stochastic primal-dual based method, which is able to further utilize the special
structure of the network (i.e., the presence of the central controller) and deal with problem (5.1]) with
nonsmooth objective. Theoretically, we show that the proposed algorithm also converges to the set of

stationary solutions in a globally sublinearly manner.

To the best of our knowledge, these algorithms are the first ones for distributed nonconvex optimization that
are capable of utilizing zeroth-order information, while possessing global convergence rate guarantees.
Notation. We use || - || to denote the Euclidean norm, and use || - || to denote the Frobenius norm. If A is
a matrix, AT represent its transpose. For a given vector a and matrix H, we define ||a||% := aT Ha. The
notation (a,b) is used to denote the inner product of two vectors a, b. To denote an M x M identity matrix
we use Ip;. E[-] denotes taking expectation with respect to all random variables, and E,[-] denote taking
expectation with respect to the random variable v.

Preliminaries. We present some basic concepts and key properties related to derivative-free optimization
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[103]. Suppose p > 0 is the so-called smoothing parameter, then for a standard Gaussian random vector

¢ € R? the smoothed version of function f is defined as follows

1

D) =Boll e+ 0] = g

[ 6+ oy 11e g
Let us assume that f : R — R is L-smooth (denoted as f € C%), i.e. there exists a constant L > 0 such that
IVf(z1) = Vf(z2)| < Lllz1 = 2|, ¥ 21, 22 € dom(f). (5.2)

Then it can be shown that the function f, € Ciu for some L, < L, and its gradient is given by

)= 1 flz+pg) — f(2) o Llel?
V)= g / 01, a6, (5.3)

Further, for any z € R¥, it is proved in [103, Theorem 1, Lemma 3] that

£u(2) = £ < B L, (5.4)

IV£u(z) = VI < SL@Q+3)3, vz € dom (f). (5.5)

A stochastic zeroth-order oracle (SZ0) takes z € dom (f) and returns a noisy functional value of f(z),
denoted by H(z; &), where £ € R is a random variable characterizing the stochasticity of H. We make the
following assumption regarding H(z;¢) and V f(2).
Assumption A. We assume the following
Al. Dom(f) is an open set, and there exists K > 0 such that V z € dom (f), we have: |V f(2)|| < K;

A2. For all z € dom (f), E¢[H(2,8)] = f(2);

A3. For some o > 0, E[||[VH(2,£) — Vf(2)]|?] < 0%, where VH(z,&) denotes any stochastic estimator for
VI(z).
These assumptions are standard in zeroth-order optimization. See for example [42] Def 1.3 and Lemma 4.2],

[103} Eq. 4], and [44] A3]. Utilizing the SZO to obtain the functional values, one can show that the following

quantity is an unbiased estimator for V f,(z)

1

GH(Z7¢7£) ¢’ (56)

where the constant 1 > 0 is smoothing parameter; ¢ € R? is a standard Gaussian random vector. In
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particular, we have

B 6lG(2,6. )] = By [E<[G(2.0.9) | ¢]| = VA2). 6:7)

Furthermore, for given J independent samples of {(¢;,&;)}7 -1, we define G.(2,€, ¢) as the sample average:
1 J

(2,6,¢) : ZGu (2,95,&5), (5.8)
]:1

where ¢ := {d)J 1, &= {fj .- It is easy to see that for any J > 1, G, (z,&, ) is an unbiased estimator of

V f.(2). Utilizing the above notations and definitions we have the following lemma regarding the G (z,&, ®).

Lemma 22 [/, Lemma 4.2] Suppose that Assumption A holds true. Then we have the following

5_2

Be ollGu(2.6,0) — VIu)IP < 2, (5.9)

where & := 2Q[K? + o 4+ p>L*Q).

5.2 Zeroth-Order Algorithm over MNet

5.2.1 System Model

Consider a network of agents represented by a graph G := {V, £}, with |V| = N (N nodes) and || = E (E

edges). Each node v € V represents an agent in the network, and each edge e;; = (4, j) € € indicates that

node ¢ and j are neighbors. Let AV; := {j | (i,7) € £} denotes the set of neighbors of agent i, and assume

that |[N;| = d;. We assumed that each node can only communicate with its d; single-hop neighbors in ;.
We consider the following reformulation of problem

z,-nel]ierlW Zlfz(zl), stz =25, Ve, €8, (5.10)

where for each agent i = 1,--- N we introduce a local variable z; € RM. If the graph G is a connected graph,
then problem is equivalent to problem . For simplicity of presentation let us set @ := NM, and
define a new variable z := {2}V, € R®*L. Throughout this section, we will assume that each function
fi : RM 5 R is a nonconvex and smooth function. Below we present a few network related quantities to be

used shortly.
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e The incidence matriz: For a given graph G, the incidence matrix A € REXN g a matrix where for each
edge k = (i,) € € and when j > 4, we set A(k,i) = 1 and A(k,j) = —1. The rest of the entries of A
are all zero. For example, for the network in Fig. the edge set is £ = {e12, 14, €34}, therefore the

incidence matrix is given by

Define the extended incidence matrix as
A= A® Iy € REMXQ, (5.11)

RNXN

e The degree matriz: For a given graph G, the degree matriz D € is a diagonal matrix with

D(i,i) = d; where d; is the degree of node i; let D := D ® I;; € R2*C,

o The signed/signless Laplacian matriz: For a given graph G with its extended incidence matrix given by

(5.11)), its signed and signless Laplacian matrices are expressed as

L™ :=ATAcRYQ, (5.12a)

Lt :=2D - ATA c R9*Q, (5.12b)

Using the above notations, one can easily check that problem (5.10) can be written compactly as below

N
i = i\Zi), 1. Az = s 1
min g(z) ;f (zi), st Az=0 (5.13)

where we have defined z := {z;}¥; € R?*1. The Lagrangian function for this problem is defined by
L(z,A) == g(z) + (\, Az), (5.14)

where A\ € REMX1 is the dual variable associated with the constraint Az = 0. The stationary solution set for

the problem ([5.13)) is given by
S={(z*\*)| V.L(z*,\*) =0 and Az" = 0}, (5.15)
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where V,L(z*, \*) denotes the gradient of Lagrangian function with respect to the variable z evaluated at

(2%, \%).

5.2.2 The Proposed Algorithm

In this subsection we present a Zeroth-Order NonconvEx, over MNet (ZONE-M) algorithm which is capable
of solving distributed nonconvex optimization problem in an efficient manner [to the set of stationary solutions
as defined in ] To proceed, let us first construct the augmented Lagrangian (AL) function for problem
(5.13)

Ly(3) = g(2) + (A, Az) + 5[4z,

(5.16)

where A\ € REMX1 ig the dual variable associated with the constraint Az = 0, and p > 0 denotes the penalty
parameter. To update the primal variable z, the AL is first approximated using a quadratic function with
a degree-matrix weighted proximal term |z — 2"||%,, followed by one step of zeroth-order gradient update
to optimize such a quadratic approximation. After the primal update, an approximated dual ascent step is
performed to update A. The algorithm steps are detailed in Algorithm [7] Note that the ZONE-M is a variant

of the popular method called Method of Multipliers (MM), whose steps are expressed below [57]

2" = argmin L, (2, \"), (5.17)
2€RQ
N = \" 4 pA T (5.18)

However, for the problem that is of interest in this paper, the MM method is not applicable because of the
following reasons: 1) The optimization problem is not easily solvable to global optima because it is
nonconvex, and we only have access to zeroth-order information; 2) It is not clear how to implement the
algorithm in a distributed manner over the MNet. In contrast, the primal step of the ZONE-M algorithm
utilizes zeroth-order information and can be performed in closed-form. Further, as we elaborate below,
combining the primal and the dual steps of ZONE-M yields a fully distributed algorithm.

To illustrate the distributed implementation of the proposed method, let us transform the ZONE-M

algorithm to a primal only form. To this end, let us write down the optimality condition for (5.20]) as

Gl + ATN + pATAz" 4+ 2pD (2" — 27) = 0. (5.22)
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Algorithm 7 The ZONE-M Algorithm
1: Input: 20 € R, N0 e REM D c ROXQ A cREMXQ T >1,J>1, n>0
2: forr=0toT —1do
For each i =1,---, N, generate ¢; ; € RM, j=1,2,---,J from an i.i.d standard Gaussian distribution
and calculate G, ; (27, ¢, &F) € RM by

?

1 EJ: Hi(ZZ+,UJ¢;‘,j7 zrj) —Hi(2], f]) r

Gu,i(zgﬂ :vng) = j ‘ 7 T (519)
j=1
where we have defined ¢} := {¢] ;}7_,, & = {&;}]=1; Set
G,i,'r‘ = {Glhi(zz’ ;7 f:)}i\il € RQ
Update z and X\ by
2" = argmin (Gi(zr, B EY F ATAT £ pAT A" 2 — 2") + pllz — 27|53, (5.20)
N =\ 4 pAL T (5.21)
3: end for
4: Output: Choose (2%, \*) uniformly and randomly from {(z"+*, \"*+1)}71_ 1
Utilizing the definitions in (|5.12al), and (5.12b)), we have the following identity from (5.22)
J,r Th7r r+1 +.r _
G+ AN +2pD2"T — pLT2" = 0. (5.23)
Let us replace r in equation (5.23) with » — 1 to get
G 4 AT 4 2pD2" — pLT 2 =0, (5.24)
Now rearranging the terms in (5.21]) and using the definition in (5.12a)) we have
AT =X = pAT A" = pL™ 2" (5.25)
Subtracting equation (5.24]) from (5.23) and utilizing (5.25) yield
Gi’r - G;{’Tfl +pL™ 2" +2pD (2" = 2") — pLtT (2" — 2" h) = 0.
Rearranging terms in the above identity, we obtain
sl = L petfgie C gl 11)—1(L+ — L)z — R A (5.26)
2p K K 2 2 ' '

138



To implement such iteration, it is easy to check (by utilizing the definition of L™ and L™) that each agent 4

performs the following local computation

T T 1 a T T T ~ r— r— r— T 1 r— r—
Zi+1:Zi T 2d; Gz, 07, &) — Gui(z] 1’¢i 1,51‘ 1)} + Z diZjZ(Z 7% 1+Zi l)a (5.27)

JEN; jeN; !

where G, (27, ¢7,&7) is defined in (5.19)). Clearly, this is a fully decentralized algorithm, because to carry

out such an iteration, each agent ¢ only requires the knowledge about its local function [i.e., G’M,i(z{ 0T ED),

G‘l‘yi(szl, ¢ €Y, 2r and szl], as well as information from the agents in its neighborhood M.

Remark 3 The single variable iteration derived in (5.26) takes a similar form as the EXTRA algorithm
proposed in [?], which uses the first-order gradient information. In EXTRA, the iteration is given by (for
r>2)

1
Q +Wzr71

=W — 3

—a|Vg(z") - Vg Y|

where W is a double stochastic matriz.

In ZONE-M algorithm let us define W :=
iteration (5.26]) becomes

$D~Y(L* — L™), which is a row stochastic matriz. Then

Ig + Wzr—l B 1

r41 _ r -1 J, Jr—1
2T =2 =W2 — 5 27)D [GMT—GHT ],

which is similar to EXTRA algorithm. The key difference is that our algorithm is capable of utilizing
zeroth-order information, to deal with nonconvex problems, while the EXTRA algorithm requires first-order

(gradient) information, and it only deals with convex problems.

5.2.3 The Convergence Analysis of ZONE-M

In this subsection we provide the convergence analysis for ZONE-M algorithm. Besides Assumption A, we
will further make the following assumptions.

Assumption B.
B1. Function g(z) is L-smooth, which satisfies (5.2).

B2. There exists a constant § > 0 such that
4 2 Q
Jg>—o0, st. g(z)+ §||Az|| >g, VzeR". (5.28)
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The above assumptions on the objective g is rather mild. The first one is standard for analyzing many
first-order algorithms for nonconvex centralized optimization (see, e.g., [9]), while the second assumption only
postulates that the objective function is bounded from below. Without loss of generality we can set g = 0. A

few examples of nonconvex functions that satisfy the Assumption A1, and B are provided below:

1

e The sigmoid function sig(z) = 1=

e The function tanh(z) = %jrz%z

e The function 2logit(z) = e%il =1+ tanh(3)

Note that these nonconvex functions are popular activation functions used in learning neural networks.
Before formally presenting the analysis, let us further define some additional notation to simplify

the presentation. Let F7+! := {(¢%,¢')},_, be the o-field generated by the entire history of algorithm

up to iteration 7. Let omin be the smallest nonzero eigenvalue of matrix AT A. Additionally, we define

w” = (2" — 2") — (2" — 2"~ 1). Further to facilitate the proofs let us list a few relationships below.

e For any given vectors a and b we have

1
(b—a,b) = S(bI* + lla = b]* = [lal®), (5.29)

1
(a,8) < ollall” + 5% Ve > 0. (5.30)

e For n given vectors a; we have the following

n

>

i=1

2 n
<n ™ (5.31)
i=1

Our convergence analysis consists of the following main steps: First we show that the successive difference
of the dual variable, which represents the constraint violation, is bounded by a quantity related to the
primal variable. Second we construct a special potential function whose behavior is tractable under a specific
parameter selection. Third, we combine the previous results to obtain the main convergence rate analysis.
Below we provide a sequence of lemmas and the main theorem. The proofs are provided in Appendix A.
Unless otherwise stated, throughout this section the expectations are taken with respect to filtration F"+!
defined above.

Our first lemma bounds the change of the dual variables (in expectation) by that of the primal variables.

This lemma will be used later to control the progress of the dual step of the algorithm.
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Lemma 23 Suppose Assumptions A, B hold true, and L™ is the signless Laplacian matriz defined in (5.12b)).
Then for r > 1 we have the following inequity

52 6L2
E”)\rJrl o )\T”Q < QL + 2
Jamin Omi

min

3p2||L*
E||2T72T71||2+ P H ”

min

Eflw|[3- (5.32)

To proceed, we need to construct a potential function so that the behavior of the algorithm can be made
tractable. For notational simplicity let us define L7 +! := L, (2", A1), Also let ¢ > 0 to be some positive

constant (to be specified shortly), and set k := 2(;;%; + 362L> Let B := LT + %IQ, and define V"1 as

yrtl.— g(HAz”H2 + |2 — zr||2]3>
Using these notations, we define a potential function in the following form

P = Lo eVt (5.33)

The following lemma analyzes the behavior of the potential function as the ZONE-M algorithm proceeds

Lemma 24 Suppose Assumptions A, B are satisfied, and parameters ¢ and p satisfy the following conditions

6|| Lt —b+ Vb2 —8d .
c> H, p>max(%,5,L/2), (5.34)
where
L. 24|t 1212
b:—L(L+M+1)—3,d:— .
Omin Omin

Then for some constants c1,ca,c3 > 0, the following inequality holds true for r >1

E— -9 2 3
B[Pt = pr| < B - 2P - e + e+ 2T

—_t — 5.35
T (5.35)
where we have defined

¢ :=2p—L*—(c+1)L—3>0, (5.36)
3p|| Lt 9  3+6¢L
62::<cp_p||||)>07 c3 = + +Ac >0
2 Omin PO min 212

The key insight obtained from this step is that, a conic combination of augmented Lagrangian function, as

141



well as the constraint violation can serve as the potential function that guides the progress of the algorithm.
We expect that such construction is of independent interest. It will be instrumental in analyzing other
(probably more general) nonconvex primal-dual type algorithms.

The next lemma shows that P71 is lower bounded.

Lemma 25 Suppose that Assumptions A, B are satisfied, and constant c is picked large enough such that

o> —b1 + \/b% —4aqdy

5.37
20 (5.37)
where
3pL 3L2 2| LT |2
ay = L,bl = ,dl = —M. (538)
8 Omin Omin
Then the statement below holds true
JP st EPM>P>-00, Vr>1. (5.39)

where P is a constant that is independent of total number of iterations T.

To present our main convergence theorem, we need to have a way to measure the gap between the current

iterate to the set of stationary solutions. To this end, consider the following gap function
(2" AT = E ||| VoL, (2", NP+ A7 (5.40)

It can be easily checked that ||V, L,(z*, \*)||> 4 || Az*||? = 0 if and only if (2*, \*) is a stationary solution of
the problem (5.13]). For notational simplicity let us write ®” := ®(z", \"~!). The result below quantifies the

convergence rate of ZONE-M.

Theorem 9 Consider the ZONE-M algorithm with fixed total number of iterations T, and u is a number
uniformly randomly sampled from the index set {1,2,--- ,T}. Suppose Assumptions A, B are satisfied,
penalty parameter p satisfies in the condition given in Lemma a1, b1,dy are those constants in (5.38)), and

constant ¢ satisfies in

—by + /b? — dard Lt
chax( Lrvazin 1,6” ”> (5.41)

2al Omin
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Then there exists constants v1,7v2,7v3 > 0 such that we have the following bound

~2
Eu[éu] < s + Y20

2
T e (5.42)

The explicit value for constants 1,72, and 3 can be expressed as the following: Let

6L 3L
pQUmin, @ = Omin ’

ar = 8L+ 20°(|LT %, az =

and ¢1,¢o and cs are constants given in equation (5.36). Let us set ¢ = 22x(01£02.99) — pop 40 have the
m

—%
in( 612 ,c2)

following expression

n = CE[P! - P] + asE[|2" - 2°|?

9"’4 2Crmin 3 £
Y2 = (ez + %7 Y3 = §C+2L2-

PO min

Remark 4 From the main result in Theorem[9 we can observe that the complexity bound of the ZONE-M
depends on &, and the smoothing parameter u . Therefore, no matter how many iterations we run the
algorithm, it always converges to a neighborhood of a KKT point, which is expected when only zeroth-order
information is available; see [{2, Theorem 4.4], and [14, Theorem 3.2]. Nevertheless, if we choose J € O(T),

and p € O(ﬁ), we can achieve the following bound

E,[®"] < % SRME ALY (5.43)

This indicates that ZONE-M converges in a sublinear rate.

Remark 5 Our bound on p derived in (5.34]) can be loose because it is obtained based on the the worst case
analysts. In practice one may start with a small p and gradually increase it until reaching the theoretical

bound. In the numerical experiments, we will see that such strategy often leads to faster empirical convergence.

5.3 Zeroth-Order Algorithm over SNet

In this section we focus on multi-agent optimization problem over SNet (cf. Fig. [5.1)). We propose the

Zeroth-Order NonconvEx, over SNet (ZONE-S) algorithm for the multi-agent optimization problem.
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5.3.1 System Model

Let us consider the following problem

zeX

min g(z) := Z filz) +r(x), (5.44)

where X C RM is a closed and convex set, f; : RM — R is smooth possibly nonconvex function, and
r:RM — R is a convex possibly nonsmooth function, which is usually used to impose some regularity to
the solution. Let us set f(z) := Ef\il fi(z) for notational simplicity. Note that this problem is slightly
more general than the one solved in the previous section [i.e., problem with smooth objective function],
because here we have included constraint set X and the nonsmooth function r(z) as well.

We note that many first-order algorithms have been developed for solving problem , including SGD
[110], SAG [30], SAGA [I16], SVRG [69], and NESTT [56], but it is not clear how to adapt these methods
and their analysis to the case with non-convex objective and zeroth-order information.

Similar to the problem over MNet, here we split the variable z € RM into local copies z; € RM, and

reformulate problem ([5.44)) as
N
min Y fi(z) +h(x) stz =z, Vi=1,-- N, (5.45)
"

where h(z) = r(x)+ix(x), [tx(x) = 0if © € X, otherwise tx () = oo |. In this formulation we have assumed
that for ¢ = 1,2,--- N, f; is the local function for agent i, and h(z) is handled by the central controller.

Further, agent ¢ has access to the functional values of f; through the SZO as described in preliminaries.

5.3.2 Proposed Algorithm

The proposed algorithm is again a primal-dual based scheme. The augmented Lagrangian function for
problem ([5.45)) is given by
N o
L A = i(zi) + (Niy zi — llzi —2l* ) +h
p(z,w, ) ;:1 (f(z)+< 2 =) + 5 |lz — 2l )+ (z)

where \;, and p; are respectively the dual variable and the penalty parameter associated with the constraint

z =x. Let X:= {\}Y,, p:={pi}L, € RY,. To proceed, let us introduce the following function for agent
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a;”i 2 — || (5.46)

Upi(zi, o3 0) = fi(@) + (Gpui(@, 0,€), 20 — ) + (Ni, 2 — ) +

In the above expression «; is a positive constant, and G, i(z, ¢, ) is given by

?;, (5.47)

Gu,i(ma ¢7 f) = %

z‘]: Hi(x + pdy, &) — Hi(z, &)
j=1 K

where H;(z,€) is a noisy version of fi(x) obtained from SZO, p > 0 is smoothing parameter, ¢; € RM is a

J

standard Gaussian random vector, &; represents the noise related to the SZO output, and we set ¢ = {¢; =1

and & = {&}7_,. To see more details about the characteristics of function Uy, ;(z;,2; A;) the readers are
refereed to [?].

The proposed algorithm is described below. At the beginning of iteration r + 1 the central controller
broadcasts 2" to everyone. An agent indexed by i, € {1,2,--- N} is then randomly picked with some
probability of p;, , and this agent optimizes U, ;, (2, 2", \") [defined in }, and updates its dual variable
Ai,. The rest of the nodes j # i, simply set z;-H =", and A;H = A}. Finally the central controller updates
the variable x by minimizing the augmented Lagrangian. The pseudo-code of the ZONE-S algorithm is
presented in Algorithm

5.3.3 Convergence Analysis of ZONE-S

In this part we analyze the behavior of ZONE-S algorithm. The proofs of the lemmas are provided in the
appendix. We first make the following assumptions on the problem (|5.44)) besides Assumption A.

Assumption C
Cl. For i =1,2,---, N, function f; and f are L;-smooth, and L-smooth respectively.
C2. The function g(x) is bounded from below over X N int(dom (g)).
C3. The function r(z) is convex but possibly nonsmooth.

Let us define the auxiliary sequence y" := {y7 }, as follows

Y0 =29, y; = y b if £, else y, =x", Vr>1 (5.53)
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Algorithm 8 ZONE-S Algorithm

1: Input: 2° e RM N0 cRM T >1,J>1,4>0
2: forr=1to T, do

In central controller: Pick i, from {1,2,---, N} with probability p; = —¢——~— VEwir Generate ¢ € RM,

N / .
i=1 Ly,

J=12,---,J from an i.i.d standard Gaussian distribution
In agent i,: Calculate G, ;, (", ¢", ") using

J
~ T T 1 Hir(xr + /Lgbrvgr) - Hir (Iragr) T
Gu,ir(x 7¢ 7§ ):*Z 2 1 5 (548)
J = W
where we set ¢" = {¢} 'j]:h and §" = {¢] 3-7:1.
In all agents: Update z, and A by
r T 1 T a T To¢eT
zi:r =q" — . [)‘ir + G (27,07, € )], (5.49)
)\;:H =\ + i, <z;+1 - xT>; (5.50)
r+1 __ r+1 __ . .
N =Nz =g, Y F (5.51)
In central controller: Update = by
" = argmin L, (2", 2;\"). (5.52)

zeX

3: end for
4: Output: z* chosen randomly from {2"}I_;.

Next let us define the potential function which measures the progress of algorithm

N N

~ 4

Q=3 S+ 3 oIV i) = Vil + i),
i=1 i=1

where f,;(z") denotes the smoothed version of function f;(z") defined in (5.3).

First, we study the behavior of the potential function. For this algorithm let us define the filtration F7+1
as the o-field generated by {i;, ¢¢, £'}7_,. Throughout this section the expectations are taken with respect to
F"+1 unless otherwise noted.

Lemma 26 Suppose Assumption C holds true, set p := vazl %, B8 = ﬁ, and fori=1,2,--- ,N, we

i=1F7

pick

i 5.5L,; .
Q; = Py = ,andpi>7“’,z

> =1,---N. (5.54)
21‘111 Pi DPi
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Then we have the following result for ZONE-S algorithm

N .
. 1 - 3pBs°
IE r+1 r ]E r+1 7‘ 2 E i Ty i r 1 2 ) )
@7 @) < gl = = 3 g BV huale) — eI+ (5.55)
Next we define the optimality gap as the following
1 2
r r 1 T T
U= ?E = proxh/ﬁ[m — BV f(z")] (5.56)
where prox; [u] := argmin h(u) 4+ Z || — ul|? is the proximity operator for function h. Note that when the

nonsmooth term h = 0, ¥" reduces to the size of the gradient vector E|V f(z")|>.

Finally we present the main convergence result about the proposed ZONE-S algorithm.

Theorem 10 Suppose Assumptions A (for each function f;), and Assumption C hold, and u is uniformly

randomly sampled from {1,2,--- ,T}. Let us set é = 4(25\;1 /Ly.i)?. Then we have the following bounds

for the optimality gap in expectation

QTH} p2LA(M +3)3  1024p6

1) By [0] 2200(2\/ “,) + : + =
2
2) E, [P +E, [23/)? z ! ]

T+1 2L2M 3 102456
<2200(Z /TH> Q ]+H (2 +3) n OJPU'

i

Note that part (1) only measures the primal optimality gap, while part (2) also shows that the expected

constraint violation shrinks in the same order.

Remark 6 Similar to the ZONE-M, the bound for the optimality gap of ZONE-S is dependent on two

272 3
T-independent constants, the first one % arises from using zeroth-order gradient, and the second

term % arise from the uncertainty in the gradient estimation. Again, if we pick p € O(%), and
J € O(T), we obtain the following sublinear convergence rate
al 2E[Q - QY] | 102455 | L? i
Do (M +3)
E,[0"] < 2200(2 \/LW> . e . (5.57)
i=1

Remark 7 The reason that ZONE-S is able to incorporate non-smooth terms, in contrast to the ZONE-M
algorithm, is that it has special network structure. In particular, the non-smooth term is optimized by the

central controller, and the fact that the central controller can talk to every node makes sure that the non-smooth
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term is optimized by using the most up-to-date information from the network.

5.4 Numerical Results

In this section we numerically evaluate the effectiveness of the ZONE-M and ZONE-S algorithms. We
consider some distributed nonconvex optimization problems in zeroth-order setup (i.e., we only have access
to the noisy functional values). However, in order to simply check whether the considered problems are
fit into our model here we express the explicit form of the objective functions for the considered problems.
We set the noise £ to be a zero-mean Gaussian random variable with standard deviation o = 0.01. All the
simulations are performed on Matlab 2015a on a Laptop with 4 GB memory and Intel Core i7-4510U CPU

(2.00 GHz), running on Linux (Ubuntu 16.04) operating system.

5.4.1 ZONE-M Algorithm

We study the following two nonconvex distributed optimization problems.
Distributed Nonconvex Consensus. Consider minimizing sum of nonconvex functions in a distributed

setting

N
miy ; filz), st Az=0. (5.58)

where each agent ¢ can only obtain the zeroth-order information of its local function, given by

o
i(21) = = + bilog(1 + 27),
files) = = + bilos(1+ 27)

where a; and b; are constants generated from an i.i.d Gaussian distribution. Clearly the function f; is
nonconvex and smooth, and we can simply check that it satisfies assumption A, B. In our experiments the
graphs are generated based on the scheme proposed in [139]. In this scheme a random graph with N nodes
and radius R is generated with nodes uniformly distributed over a unit square, and two nodes connect if
their distance is less than R. We set problem dimension M = 1, and the number of nodes in the network
N = 20 with radius R = 0.6. The penalty parameter p is selected to satisfy theoretical bounds given in

Lemma the smoothing parameter is set p = and we set J =T, where maximum number of iterations

1
\/T?
is picked T = 1000. We compare the ZONE-M algorithm with Randomized Gradient Free (RGF) algorithm
with diminishing stepsize # (r denotes the iterations counter) proposed in [I40], which is only developed for
convex problems. We also compare our algorithm with a variant of ZONE-M which uses increasing penalty

parameter p = 1/r. When choosing p = /7 neither RFG not ZONE-M has convergence guarantee. We use
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Table 5.1: Comparison results for ZONE-M and RGF

opt-gap cons-error
N ZONE-M(C) ZONE-M(I) RGF | ZONE-M(C) ZONE-M(I) RGF
10 6.8E-6 8.8E-6  1.7E4 2.5E-5 2.0E-5  0.002
20 4.2E-5 2.2E-5  5.3E-3 3.1E-5 2.2E-5  0.003
40 7.0E-5 3.0E-5  1.8E-3 3.8E-4 2.8E-4  0.017
80 5.7E-4 7.5E-5  0.014 5.4E-4 3.0E-4  0.09

the optimality gap (opt-gap) and constraint violation (cons-vio), displayed below, to measure the quality of

the solution generated by different algorithms

N 2
opt-gap := vai(zi) + ||AZ||2,
i=1
cons-vio := || Az|%. (5.59)

Figure illustrates the comparison among different algorithms. Each point in the figure is obtained by
averaging over 50 independent trials. One can observe that: 1) ZONE-M converges faster compared with
RGF in both the optimality gap and the consensus error; 2) ZONE-M with increasing penalty (p = /)
appears to be faster than its constant stepsize counterpart.

In the next set of experiments we compare different algorithms with a number of choices of network size,
i.e., N € {10,20,40,80}. For this problem we set the radius R = 0.5 The results (average over 50 independent
trials) are reported in Table[5.1] In this table ZONE-M (C) and ZONE-M (I) denote ZONE-M with constant

and increasing stepsize, respectively. We observe that ZONE-M algorithm is always faster compared with the

RGF.
2 ‘ ‘ 102 ‘ j
10 —— ZONE-M p = constant
——ZONE-M p = constant - = ZONE-M p = /1
- - ZONEMp= \/; 1 RGF step-size = —
1001 RGF step-size = 7 | . 10° Vr
2 8
5] =t
O =
& g
8 o}
o
. 1076 \ ‘ ‘ ‘
10 L . - - 0 200 400 600 800 1000
0 200 400 600 800 1000 Tteration Number
Iteration Number . . . . .
o ) ) (b) The constraint violation versus iteration
(a) The optimality gap versus iteration counter counter

Figure 5.2: Comparison of different algorithms for the nonconvex consensus problem given in ([5.58)).
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5.4.2 ZONE-S Algorithm

In this subsection we explore the effectiveness of ZONE-S algorithm. The penalty parameter p is selected to
satisfy the conditions given in Lemma or to be an increasing sequence satisfying p = /r. For comparison
purpose we consider two additional algorithms, namely the zeroth-order gradient descent (ZO-GD) [103]
( which is a centralized algorithm), and the zeroth-order stochastic gradient descent (ZO-SGD) [44]. To
be notationally consistent with our algorithm we denote the stepsize for these two algorithms with 1/p.

For ZO-GD it has been shown that if the stepsize is set 1/p = and the smoothing factor satisfies

1
AL(MF4)°

p < O(57z ), then the algorithm will converge to an e-stationary solution [103, Section 7]. Also, for ZO-SGD

the optimality gap decreases in the order of % when we pick stepsize 1/p < m, and the smoothing
L2
parameter p satisfies p < Wfiﬁ’ where Dy := {W} (f* denotes the optimal value) [44]

Theorem 3.2]. Note that the theoretical results for ZO-SGD is valid only for smooth cases, however we include
it here for comparison purposes.

Nonconvex Sparse Optimization Problem. Consider the following optimization problem

N
min Zfl(m) st ||zl <48, (5.60)
i=1

TERM 4

where fi(z) =2 To—~Tz, (T € RM*M and 4 € RM), and / is a positive constant that controls the sparsity

RM*M g not necessarily a positive semidefinite matrix,

level of the solution. In this problem the matrix I' €
thus the problem is not convex; see for example high dimensional regression problem with noisy observations
in [88), problem (2.4)] . This problem is a special case of the original problem in with h(z) being the
indicator function of the set {z | ||z|1 < ¢}.

We compare the following four algorithms: ZONE-S with constant stepsize p; = \/m sz\; \/m ;

ZONE-S with increasing penalty parameter p; = /r; ZO-GD with constant stepsize (1/p = ; n ), and

1
M+4)

Z0O-SGD with constant step size 1/p = m.

The problem dimension is set as N = 10, and M = 100.
The algorithm stops when the iteration counter reaches 7' = 1000. The results are plotted in Figure which
depicts the progress of the optimality gap [defined as in ] versus the number of iterations. Each point
in this figure is obtained by averaging over 50 independent trials. We can observe that ZONE-S converges

faster than the ZO-GD and ZO-SGD. Furthermore, the performance of ZONE-S improves when using the

increasing stepsize, as compared to that of the constant stepsize.
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Figure 5.3: The Optimality Gap for Nonconvex Sparse Optimization problem.

5.5 Conclusion

In this work, we consider nonconvex multi-agent optimization problem under zeroth-order setup. We design
algorithms to solve the problem over two popular network structures, namely MNet and SNet. We have
rigorously analyzed the convergence rate of the proposed algorithms and we have proved that both algorithms

converge to the set of first-order stationary solutions under very mild conditions on the problem and by

appropriately choosing the algorithm parameters.

5.6 APPENDIX A

In this appendix we provide the proofs related to the convergence analysis of ZONE-M algorithm.

5.6.1 Proof of Lemma 23

Rearranging terms in ((5.21) we get

N AT = pA T (5.61)

Applying this equality and the definition of L™ in (5.12b)) into the optimality condition for problem (5.20)),

we obtain

GIm 4+ ATNTH 4 pLt (27t — 27 = 0. (5.62)
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From (5.61)) it is clear that A"*1 — A" lies in the column space of A, therefore the following is true

Vi [N = AT < AT = AT, (5.63)

where o,i, denotes the smallest non-zero eigenvalue of AT A.
Replacing r with r — 1 in equation (5.62), and then using the definition of w” := (2"*! — 27) — (2" — 2"~ 1)

we further get

2 2

1
r+1 r J,r Jr—1 “+...r
’)\ - A < p— Gu _Gu +pLTw
1 _ . .
= NG = G+ Vgu(e) = V(e )+pL |
3 r r 3 r r— 3p2 r
< G = VeI + = V() — G+ L (5.64)

Let us add and subtract Vg, (2"~!) to the second term on the RHS of (5.64), and take the expectation on
both sides

T T 3 r r
IEH)\ Lo ||2 < TE”GZ’ - Vgu(z )H2

6 T T 3p2 T 6 r— r—
OBV (27) ~ Vaul P+ B | 4 OBV () - G
@) 952  6L2 B 320 [+
2 20 g o 2 gz (5.65)

where (i) is true by applying Lemma [22| and utilizing the facts that Vg,(z) is L,-smooth and ||LTw"||* <
||L“‘||||w”||%+ The lemma is proved. Q.E.D.

5.6.2 Proof of Lemma [24]

Using Assumption B.1, and the fact that D > I, it can be shown that if 2p > i, then function
L A B T2 __ A A B A 2 B 2
p(2:A) + Sllz = 2"lIz+ = g(2) + (X, Az) + SlIA2[" + Tz = 2"|IL+,

is strongly convex with modulus 2p — L. See [148, Theorem 2.1]. Using this fact, let us bound L;‘H - L.

Lyt = Ly = Ly = Ly(2" N 4+ Ly(z" L \7) — I
2p—L
2

i 1
Q (Vo Ly(z" TN AT 4+ pLt (27— 27), 27T — 27y + ;||)\T+1 -2 = 27 — 27|12 (5.66)

152



where (i) is true due to the strong convexity of L,(z, ) + 5|z — 2"||3 + with modulus 2p — L and (5.61). Now
using ([5.62)) we further have

r r r ror r 1 r r 2p—‘i’ r r
LP+I*LPS<V9(2 +1)7Gl{’ ,Z+lfz >+;”)\ +1_ “277”2 +1_ ”2

M1 I2—2p+ 1L
S 7||)\r+1 _ )\T‘HQ + 7p+|‘zr+l
P

_7"2
. I+

CARRIc S

where (i) is application of (5.30) for ¢ = L2. Taking expectation on both sides we get

0 95> 6L iz 3IL7]
+ R R - Y

pJUmll’l pamln Umlﬂ

2 =20+ L
+ 7p+EHzr+l _ Zr||2

E[L:,“ L’“] I g2,

r4+1 J,r12
5 (") =Gl
i / 9 3 \a2 3u? 3)2 6L .
< 4+ 1 | (Q+ ) + H EHZ _zr—lHQ
PO min 2[/2 J 8 PO min
L3 Lt . I =204+ L+3_ . .
R A (5.6)

where in (i) we use Lemma [23|to bound E[A"Tt — \"||, in (ii) we apply (5.31)), (5.5), (5.9)), and the fact that
Vgu(z) is L,-smooth with L, < L.
Next we bound V™! — V", Optimality condition for problem (5.20)) together with equation (5.21)) yield

the following
<G,{’T + ATNTL 4 pL (e — 27) 2" - 2) <0, V 2 € RY.
Similarly, for the (r — 1)th iteration, we have
(Gi’“l +ATAN 4+ pLt (2" — 2771, 2" —2) <0, V z € RY.
Now let us set z = 2" in first, z = 2”71 in second equation, and add them. We obtain
(ATNTHE ), 2t ory < —(Gl{’r — Gi”“_l +pLtw", 2" = 2. (5.68)
The left hand side can be expressed in the following way

<AT()\T+1 _ )\r)7zr+1 _ ZT> — p<AZT+1,AZT+1 _ AZT>

) P r r T P
e (s T M 1)
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For the right hand side we have

o <Gl{,r o Gi’r71 + pL+wT,ZT+1 o ZT>

— _<G’{,r _ Gl{,r—l,zr-&-l _ ZT> _ <pL+wr’zr+1 _ ZT>

G309 1 i
< AlGET = G+ Sl = TP (e, 2T =2
2L 9
(1) 3 " r rT— r—
=3 <'Gi’ Vg + [Vgu(z ) - G

L
+1Vgu(2") = Vgu(zr_l)llz’) + S =2 = p(L T 2T =2,

To get (i) we add and subtract Vg, (z") + Vgu(z""!) to G;i" — G;-"~! and use (5.31)). Taking expectation

on both sides, we have

— E(Gi’r — G;f“l +pLtw", 2" =27

ED 3 /252 . L
(; +L2H2T _ Zr—lQ) + EE”ZT—H _ Z’I‘H2 _ p]E<L+wT,ZT+1 _ ZT>

) 362 3L L
2L R — 2 4 B -
LJ 2 2
#2817 = = 1 = = ). (5.10)

where in (i) we apply (5.29) with b = (L+)/2(2"+! — 2") and a = (L*)/2(2" — 27~1). Combining (5.68),
(5.69) and (5.70)), we obtain

p ‘s T T T
E(nAz H2 A2 4 AT >||2)

2
35 3L L
< AJ + fEHZT _ zr—lHQ =+ *EHZT-H _ zr||2
LJ 2 2
+ BB = = e e = ). 6.1)

Recall that matrix B := LT + c—kaQ, and V! is defined as

Vet s S (AP 4 - )
p
2

k
(12 70 = 21 )+ et =
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Rearranging terms in ([5.71]), we have

L & 362
-~ 2 E r+1 _ 72 a
5 + 2c> Iz 27))F + 77

E[VrJrl _Vr] < (
Bj; k r r—112 P 2 r+1 V(|2
+ (5 - 3o Bl =P = B (I + A - )
3Lk _ p 362
Ellz" = 2" 1 2—*]E 12 = 72
JEI - - LRI + 3 s

Lk
<[ = 2 E r+1 _ 72 o= N
<2+2c> I =21+ 5 %

Now let us consider the definition of P! := L7+! 4 ¢V7 1. Utilizing (5.67), and (5.72) and definition of &

as k:=2 <6L2 ?’§L> eventually we obtain

PTmin
IE[PT“ — PT] < @EHZ«T“ — 27|12 = coB||w" |3+ + w + cf; (5.73)
where we define,
c1:=2p—L*—(c+1)L—3, cy:= (?—%), s :=p(j%+%+376
The lemma is proved. Q.E.D.
5.6.3 Proof of Lemma 25
Similar to the proof of Lemma [23] utilizing the optimality condition for a-subproblem we have
G+ ATATH 4 pLt (27— 27 =0. (5.74)
From this equation we have
AT A2 = ”Gl{,r + pLt (2 — 2|12
< 2GR+ 207 |LT P2 - 212 (5.75)
From here, we further have
(5.76)

|+ 207 | ¥l = 2%

Tmin||ATH* < 2]1G
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Dividing both sides by o, yields

I T 2p2 L+ 2 T T
e < ey + e (5.77)

2
Omin min

Now based on the definition of potential function P™*! in equation (5.33)) we have

1 1 c c
Prit= gt 4 G4 4 NP = SN - DA B -, (68)

where B := Lt + g[ [note that k = 2(p?ri2;n + %)] Plugging (5.77) into (5.78)), and utilizing the fact that

g(="t1) 2 0, LA+ 2 0, and |4z 4+ INFH2 2 0 we get

2 g AL e e Pyt
eGP = S ) D = (5.79)

min min

PTJrl Z _

Since LT is PSD matrix we have B = g[. Also because -8L2 > 0, we have B > %I. Utilizing this, we can

POmin —

simplify the above inequality as follows

PT+1 Z _

o HG;{’THQ + (2T =2 H (T - 2, (5.80)

where H := (—M 432 4 %cQ)I. Therefore, if

Omin Omin

> 71)1 + \/b% — 4a1d1

5.81
o (5.81)
where
3pL 3L2 2| L+ ||2
a1:L7b1: 7d1:_u7
8 Omin Omin

then we have (2”1 — 2")H (2"t — 2™) > 0. Hence, with this choice of ¢ we get the following bound for the

potential function

2

prt > —WHG,{’THQ- (5.82)
Tacking expectation on both sides we have
T 2 T
EP*WZ—ﬁO,HmiW~ (5.83)
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Now let us prove that E[|G7"||* is upper bounded as follows:

IE||G;{7T

? =BG = Vgu(2") + V()|

< 2E|G;" — Vgu(2")|* + 2E[[Vgu(=")]?

0 25 .
< =7+ 2|V ()|

(ii) R
< 25 4+ 4E|Vg(z")|)? + p*L?*(Q + 3)°

(iii)

< 26 +4K? + 12L3(Q + 3)%, (5.84)

where (i) is true due to Lemma 1, (ii) comes from the fact that J > 1, and ||Vg,(z")|? < 2|Vg(z")||* +
“72[:2(62 +3)3 [44, Theorem 3.1], and in (iii) we use assumption Al. Therefore, we have proved that there
exists a constant Ky := 26 + 4K2 + p2L%(Q + 3)3 such that E[|G;)"||* < Ks. Finally, plugging this bound
into equation , we get

E[Pr—i-l] > —

Ks. (5.85)

p20'min

Since K> is not dependent on 7', in order to prove the Lemma we just need to set T-independent lower

bound P := —

P20 min Ks.

5.6.4 Proof of Theorem

Let us bound the optimality gap given in ([5.40)) term by term. First we bound the gradient of AL function

with respect to variable z in point (2"T1, A") in the following way

VoL (25 A2 = [[Vg(z"h) + ATA" 4 pAT A2

[Fg(m 1) + AT P

1' r r r r
= |[Vg(z") = Gy — pL* (27 = 27|

(5.31))
(i) _
<AV = Vau (@I + IVgu(2") = GRTl1%) + 20%|ILF (2" = =), (5.86)

2Vg(" ) = G + 20| |LF (7 = )|
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where in (i) we add and subtract Vg, (z") to Vg(z"*!)—G:" and apply (5.31)). Further, let us take expectation
on both sides of ((5.86))

E|[V:Ly (=", A7)

§4E<HV9@7+5-VQAZﬂH2+HVgAﬁﬂ-—GiWF>-%mPEIL+@f+1—zUH2

—~
=

1

- 452
<88 ([Vo("+1) = V(I + 27 = 2] + 2 4 2B - )P

.5)) . R 452
< 22LA(Q + 3) + 8L2E| 2" — 2|2 + % + 20%E|| LT (2" — 2 ||%, (5.87)

where in (i) we applied (5.9), (5.31)), and the fact that Vg, (2) is L,-smooth with L, < L. Second, let us

bound the expected value of the constraint violation. Utilizing the equation (5.21)) we have
r4+112 1 r4+1 |12
[A2"T5" = = [|]A™T = AT
p

Taking expectation on the above identity, and utilizing the fact that L, < IA/, and (5.32)), we obtain the

following

1
EJl 42"+ = —EjATt - X
p

952 612

2

. 3Lt
= Jp?0min PPOm

—E|2" — 2" + TEIWII%- (5.88)

min

Summing up (5.87) and (5.88)), we have the following bound for the optimality gap

O < Bl = 2T+ aoBlle" — 2| + asEfw"|7

9+ 4pQUmin 52 272 3
— | — 4+ 2u°L 3 5.89
# (T ) T gL+ 5:59)

where a1, o, a3 are positive constants given by

. 612 3| LT
ay = 8L +20%||LT|?, ag = 5——, as = ST
P Omin Omin
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Summing both sides of ([5.89)), we obtain the following

T

T T—
Sart < Z 1 + Q@) = + 3 aaBllur
r=1 r=1 r=1

+ @Bl — 2 + Bl - 2T

£ 4 2 min 52
+OT2L2(Q +3)3 + T<9J;2£(_7> “7 (5.90)

Applying Lemma [24] and summing both sides of (5.35) over T iterations, we obtain

T—1 T
—k
E[Pl - PT“} > a-r 5 Ellz"T = 2|2 + ) eEllw"|[3 1
r=1 r=1

—k
+ CITEHZT“ -

T - 3T (Q+3)° Tcgf}?'

3 S (5.91)

Let us set ¢ = W Combining the two inequalities (5.90) and (5.91)), and utilizing the fact that

min(=5—,c2)

E[PT+1] is lower bounded by P, we arrive at the following inequality

Z "1 < CE[P! — P] + ao||2' — 2°)?
r=1
4 2 min 52 3
+T<§03+9+2M)J+T( C+2L2) 12(Q + 3)°. (5.92)
P~ 0min J
Since w is a uniformly random variable in the set {1,2,--- ,T} we have
1 I
E,[0"] = = ) o7 :
@] = = ; (5.93)

Dividing both sides of (5.92)) on 7" and using ([5.93)) implies the following

CE[P! — P] + asE[2! — 2°|]

E,[®%] <

T
+ <C63 + w> 6—; + (?’SC + 2i2)u2(Q +3)°
By setting
mn = CE[P! — P] + cofEl|2" - 2°|1%,
Y2 = Cez + w, V3 = <38< + 21i2> (Q+3)%, (5.94)
we conclude the proof. Q.E.D.
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5.7 APPENDIX B

This appendix contains the proof of the lemmas in Section which are related to ZONE-S algorithm.

In order to facilitate the derivations, in the following let us present some key properties of ZONE-S
algorithm. Let us define r(j) := max{t | t < r+1,j = 4;} which is the last iteration in which agent j is picked
before iteration r + 1. From this definition we can see that r(i,) = r. Let us repeat the update equations of

ZONE-S algorithm

1 _
I = = e N G 00| (5.95)
&4, P,
N =L+ aip, (z{f - l”"); (5.96)
N =X, 2t =gt VA (5.97)

Property 1: Compact form for dual update. Combining (5.95)), (5.96)), and using the definition of r(j)

we get

)\:“:-1 = 7é/t,ir (Irv ¢T7£T)7 (598)
N =X = =G (27D, 97D &), A (5.99)
Using the definition of sequence 3" [y° = 20, y; = Yyl Af j # iy, else y; =", ¥V r > 1] we have

Y, = 2”@ for all i = 1,2,--- N. Using this we get the following compact form
N = Gyl ¢, e @) i =1,--- N. (5.100)
Property 2: Compact form for primal update. From (5.97) for j # i, we have

r - EI00) Lo 5 ; ;
= o BB 4 G (0,070 6 0)]
Q;jPj
GE97 1 A () (i
=Ta" = — [N+ Galy;, o, € D). (5.101)
AjPj

Considering ([5.95)), and (5.101)) we can express the update equation for z in ZONE-S algorithms in the

following compact form

1 _ . .
Zr+1 - xr B ;i )\: =+ Gﬂ,i(ygv(br(,b)agr(l)) ) 1= 1a o 7N' (5102)
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Property 3: Bound the distance between update direction and the gradient direction. Let us

define
N N
Wt = 5(2;%—4“ + ZA;), (5.103)
i=1 i=1

where we set 8 :=1/ Zf\il pi- Using (5.103)), it is easy to check that z-update (5.52)) is equivalent to solving

the following problem

1
2" = argmin — |z — v 7?4+ h(x)
z 20

= prox,ll/ﬁ (u"th). (5.104)

The optimality condition for this problem is given by

o gyt =0, (5.105)

where 71 € Oh(2"*!) is a subgradient of h at 2"*1. [When there is no confusion we use the shorthand

notation G7, ; to denote G, ; (2", ¢",£")]

N N

=5 Lper - 3x)
=1 i=1

al r r r+1 al T
=7 Zpix = pi(a" =z )+Z>‘i
i=1

i=1

E100).693%) . B [ A A r=1 g (r=1)(iy) ¢(r—1)(
E100.6.99 _{G G (g, D) 1)

;. My

N
=B Gyt ol gl (5.106)

i=1

Let us further define

N
v, =) Gy oV, D)

s

{G,C,ir = G, (Y1, @D r=Dn)y | (5.107)

We conclude that

uth =" — Bl . (5.108)
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Plugging (5.108]) into (5.105)) we obtain

g™t =2 — Bl 4+, (5.109)

Now let us bound || Zf\;l Vfui(x") — v ||. Using the definition of v{ we have

2

N
Z Vfu,i(xr) - U;;,

N
010 a r— r—1)(¢ r—1)(¢
vaw )= D Guualy] 1 om0, D)
i=1
1 [= _ . ) 2
- [GZM — G (yi ¢“‘”‘“)7£<’°‘”(“’)} (5.110)

Let us set J" := {i,,®",&"}. Setting a;; = p; and taking conditional expectation on both sides, we have

}

N N
= Ejr H Z Vf/_t,i Z (r 1)(4) g(rfl)(z))
i=1 =
[ 2
1|5, 1) (i 1 §
B Q5 Glhir - Gﬂv'h (yz, 7¢ D) 5( 1)( r)):| F :l
(i) G . -G, =D lr=1)(ir)
< Eg» [ sl oy (yzr Ojls N3 ) :| |
Z’V‘

where (i) is true because E[||z — E[z]||?] = E[||«]|?] — ||E[x]||* < E[||«]|?] and the following identity

Ejr{a- { pir = G (i, 000, € 1><r)} | F }
N N

=D Viuila") =D Gy (r-1) =10
=1 i—1
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Now if we take expectation with respect to i,, (given F")

2

7|

N 1 -
gZpiEW[GL R |
—Z 1E¢T5T[

2
+Vfu,i(y§‘) Guilyl~ 1,¢(T*1)(1)’€(r71)(z))

|

\ LV asla”) 4 V() — V)

|

Then utilizing (5.31) and (5.9), we have
N
EJT |: Z pr‘,i(xr) — 'U:T

<3Z ( va’“( ) = Vi)

2
fr}

2

2
+ HVf#,i(yfl) — Gyt oD@ clr=D)) ) (5.111)
Using the definition of p = Zivzl i, overall we have the following
N 2
> huten) i 1 7]
_ 3p5” N3 NG
=7 + Z ; <vaw($r) = Vfuily; )
i=1"
- ' 2
. wa(y;._ )= Gilyl L, DO, (=10 ) (5.112)

Using the tower property of conditional expectation we have

2
= ]E]:'r’jr

2

N
> Vi) =l

i=1

N
S V) = |
=1

(") —vj,

=Ez {EJT |f’”]} (5.113)

Now let us break the filtration as F" = FJ U Fy where FJ := {i;};—}, and Fj := {¢*,£*}7Z{. Using these
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notations we have

2
Ere ||V fui(yi ) = Gualyi ", 0000 =00
=Ery [Efs Viiwilyi ) = Gualy; 1 oD, 0700 ff]
B9 52
—. 5.114
< (5.114)
Combining (5.112), (5.113), (5.114), we obtain
N 2 ~~9
3 _ 6po
- Zf ’Vfw ") = Viuilyp |+ ¥ (5.115)
i—1 Z
5.7.1 Proof of Lemma [26]
By assumption «; = p;, according to the definition of potential function Q”, we have
Egr (@ — Q" | F']
N
=B | 3 (e = fusla)) + 1)~ ") | f’"]
i=1
N 2 2
#Bg | 3 o Pt = Vi) | Vi) V[ 17 e
The proof consists of the following steps:
Step 1). We bound the first term in (5.116)) as follows
N
[Z (fm ") = fu >) + ha"*) — h(a") wﬂ
i=1
N ZN L.
< B | LAV halaa ™ ) o) |
=1
al 1
=Eg- [< 2V na@) b Gt = a) @t =T 4
1=1
L i Ly
_ - 1= s ]E r+1 2
(5 - E555 )l o | 7
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Then from (5.109)) we further have

gmyrBEZVmew—v;w”l—ww|fﬂ

=1
1 EZVZI Lu,i r+1 T2 T
(5- =57 e I+t o | 7
(i) Y 38 2
<3 2 (|9 st) - Vst
i=1 "

2

N o
N oL ?
_ (1 _ Zz-l%)lam {x”l —a"|?| J—'T] 1 3060 (5.117)

23 2 2J

where in (i) we have used the Lipschitz continuity of the gradients of f, ;, and the convexity of function h; in

(ii) we utilize (5.30) with € = E’ and (5.112).
Step 2). In this step we bound the second term in equation ([5.116)) as follows

EWDmeﬂ*U—vmxwmﬂfﬂ

®
< (1+€)Egr [

1
+ <1 + e)Em

i (1+¢&)Egr {”Vfu,i(ffrﬂ) = Viuila)I* | ]:T}

|Vfu,i(xr+1) - vfu,i(xr)HQ | }-T}

Vhﬁﬁd—vﬂm@DWIfﬂ (5.118)

+(1—p¢)(1+;)|Vfu7i( " = Vi iyl I, (5.119)

where in (i) we first apply . Note that when F” is given the randomness of the first and sec-
ond term in come from z"™! and y! respectively. Therefore, equality (i) is true because y! =
a2, with probability p;, and y} =y, 1 with probability 1 — p;. Setting ¢; = p%, the second part of
can be bounded as

2

N 2
4 . ” . .
Em{}jpp Vi@ = V|| - o @) = Vil D) |f}
i=1 T (N4
4L2 2 + pz r ” N 4(1 + Di —_ 2
_§: Jnm+“ﬂvW—§j(2pwvmx ") = Vi) (5.120)
i=1 *
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Step 3). In this step we combine the results from the previous steps to obtain the desired descent estimate.

Combining (5.117) and (5.120) eventually we have

Ez[Q = Q" | ]

sg(;’f ) |9t = Vst

AL2 ;24 pi) L, . ., .
+Z( + 2 BBt - o | 7

2

plpl
* 3pBs?
(ar—1 ~ r—=1 4 (r—1)(i) ¢(r—1)(4)
o7 (Y = Gl : 5.121
+;2p: Viuilyi ) = Gy 1000 € )H+ 57 (5.121)
Using the properties of conditional expectation we have
BIQ - @) =B B [0 - 01 7. (5122)

Plugging (5.121]) in this relationship and utilizing (5.114)), and the definition of 5 :=1/ Zf\il pi, yield

E[ r+1 Qr]

Q
4(1 4+ p; _
Z(Qpl W)EHme")vmi(yi D)

2

i—1 2p;
Let us define {¢;} and ¢ as following
~'_%_4(14”91 i(u? 2+ pi) Lu,i_Pi)
C2p; 2p; — p2pi 2 2 )

In order to prove the lemma it remains to prove that ¢ < ,%ﬂ Vi, and ¢ < — ZAL LiIf we set

i=1 100
pi = = P then we have the following
i=1 P
G = 3 _4(1+pi)< 3 B 4 _ 1 .
2pi 20 T 2pi 0 2p; 2p;

To show that ¢ < — SN it is sufficient to have

i=1 1007

4Lﬁz(2+Pz) Lyi _pi _ _ pi

P2pi 2 2~ 100

(5.124)
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It is easy to check that this inequality holds true for p; > 5517# The lemma is proved. Q.E.D.

5.7.2 Proof of Theorem [10]

Here we only prove the first part of the theorem. Similar steps can be followed to prove the second part

First let us define the smoothed version of optimality gap as follows

2
vy = 52 x” —proxh/ [z" — BV fu(z")] (5.125)
We bound the gap in the following way
1 s 1/ﬂ T v T 2
gl = proxi/ P — BV )|
(O] 1 T T r r r 2
= galle” =+ prox/ (@t — proxy/Pla” = 591 ()|
d 2 1a I 4 SV e b P
- ﬂQ ﬁ2 H
N
G® 2, . " -
= gl 2P 2 Y V) = ol % (5.126)

where (i) is true due to (5.104); (ii) is true due to the nonexpansivness of the prox operator, and equation
(5.31). Taking expectation on both sides yields

N
, 2 . s r r
U, < 5l =P 4 2B YV fa(a) = o |1

N

2 52
2 6 1 _ 12p6
< SElla™ - a"|? + IEIHV (@) = VY| + =
= 3 | | ﬁ;pi Jui(@") =V fuily; ) 7
200 0 Gri 612552
5 E[Q"— Q"+ 7
(ii) r 612~~2
o 1100(2,/ w) QM+ — (5.127)

where in (i) we utilize . To get (ii) let us plck pi = " *, therefore we have p; = 5.5L,,, zlel a

which leads to p; = /5.5L, ; ZJ 1P =/55Lui\/> = 1 pj- Summmg both sides over i = 1,2,--- N, and

simplifying the result we get

N N
> pi= \/55L,,.
=1 =1
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Finally, squaring both sides and set 3 := 1/ Zfil pi we reach % = 5.5(25\[:1 /L,.i)?. Let us sum both sides

of (5.127)) over T iterations, use telescopic property, and divide both sides by T', we obtain

T

1 QT+1] 6125
TZ\II 1100(2\/ M) =

Since u is uniformly random number in {1,2,--- T}, we finally have
N QE[Ql _ QT—{—l] 612‘“‘2
D&
E,[W"] < 1100(2 \/LW) - + (5.128)
i=1

Now let us bound the gap ¥". Using the definition of ¥" we have

\Ilrﬁle[Hz —proxh [x — BV f(x )]}
_;E[nxr—pmxh 0" = BV f(a")] = prox;,*[a" = BV f.(a")] + proxy,“[a” — BV £, ("]
(;1)2\11,’; ”QLQ(]\;H)g,

where in (i) we use (5.31)); the nonexpansiveness of the prox operator; and inequality (5.5). Next because r is

a uniformly random number picked form {1,2,---,T} we have
2L2 M 3
E.[0"] < 28, [wy] + AL 30 - )
(5.128] T+1 2L2 M 3 3 1024~~2
2200(2# M) E[Q! Q | WM ¥ 37 1024557 (5.129)
2 J
The proof is complete. Q.E.D.
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